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Gradient-based Ant Colony Optimization for Continuous Spaces 
 

M. Eftekhari, B. Daei, and S. D. Katebi  
 

Department of Computer Science and Engineering, School of Engineering, Shiraz University 
 

Abstract: A novel version of Ant Colony Optimization (ACO) algorithms for solving continuous space problems is presented 
in this paper. The basic structure and concepts of the originally reported ACO are preserved and adaptation of the algorithm to 
the case of continuous space is implemented within the general framework. The stigmergic communication is simulated through 
considering certain direction vectors which are memorized. These vectors are normalized gradient vectors that are calculated 
using the values of the evaluation function and the corresponding values of object variables.  
 The proposed Gradient-based Continuous Ant Colony Optimization (GCACO) method is applied to several benchmark problems  
 

*#���,� -�./%�� **#0�
� $��1�
�, -�./%�� ***#����� 

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
5.

25
.1

.3
.3

 ]
 

                             1 / 13

https://dorl.net/dor/20.1001.1.2251600.1385.25.1.3.3


��� ��	����
��
��� ���
����� ���� �*

and the results are compared and contrasted with other population-based algorithms such as Evolutionary Strategies (ES), 
Evolutionary Programming (EP), and Genetic Algorithms (GA). The results obtained from GCACO compare satisfactorily with 
those of other algorithms and in some cases are superior in terms of accuracy and computational demand.  
 

Keywords: Ant Colony, Evolutionary, Algorithms, Meta-heuristic, Stochastic, Constraint. 

<9
�#=� 

�����
�2�� �314�5 -637 8�329
�� :�3��7� ;<�3�=��3�� 

�����
�2�� $��/3�>� ?�3� ;�.�'7 ;)03%� ;�3@
���
 <� �3> 

�9
�� AB���7� �%��
�� = �@ �3���C D�3��� AEF�= ;�@ G03� 03%� .

�14�5 IJ�'� 
� ��%K �=�0�� ��5
�> ��''C ;�L� �5 ;<��)01%��

 �MN'3� ��3C G
=� G013�=�� O=�3E� P(�3�� .A33EF�= :�3��7�

��9
� A� �
 �@ Q
635 G03� R�<�S T�'4� U� V
�W �5 8��S

 �> 0��$���S �
 IJ�'� 0%)�X3Y R3Z1� 8��3> �034[ I34ZF <� (�35

��� $7��24�3�� D�3% �35 A�43W�\ <� G��] 031> I3^ .U3��_S

 ��/45 
�> �5 �@�C
�> �> $��
�> �MB �5�3�� �35 $3� 
=K �03%

 ����C `��S 
�5 a4�=��b S $7��24��� 8��1B �5 0� c��E ]�.[

�
 `43_� V��344fS �g���5 T4��'��4Y h�ZS
� AB�% c��ES a��

 $� 8�45 031> ](.[� 
� �
 h�3ZS
� a3�� �3���C <� i�3\ :�3% =

�33%��
�� ��% �335 �33@�33�-j4'331��S�%6����6k4M5 ��6���45�33>= �( 

��> G0@�/� .8�3�=�� �'3/% �43W�\ �� <� $��'3F 031���� 

-�4C<�5���* ��� .01�����5�� 8�3��1� �'3�< `3��S -�4C<

 $� c��ES i�\ $@0%��<�� AB�% U� -�LB� 8K 
� �> ����

 �33E��7�33�7 -
�33> -�L33� <� �33g�% U33� ��33� �335 -�334C

$� 011> ]�.[

�9
�� T�'4��l T��
�2�� a4�=� �14�5 -<�3� �39
�� :�3��7� 

��� 
� �> ��5�PP� ]*=l[�2�
=� `��S�m 0� ���1/4[ .a43�=�


�5 �9
�� T�'4�`��S �3> ��3C G
=� G013�=�� O=�E� �MN'� 

N'� �M�14�5 -<�� $Z4>�S ��� �3��C 
��3F n���<K �
�� �.a3��

 ��0ES �5 �o>�0^ T��
�2�� T$� ��7� 
��kS ��� .
��3kS �@ 
�m


�S U� �9
�� �0B�p I��� �> n�3�� �M^�� <� G��]�3�� �35 �


T4�qS 8�%�F U� ����^� �5 $1�Z� -�4C��� �5 $�K
=0%.

�9
�� �k1�� <� 0E5 �9
�� T�'4� T��
�2�� 
� 
�S �@ ��3\

 0%��> I��> �
)�
 ��\ r��7 D�0> �@ ��� �5 03%�
=K (�3@ �

;����� -=
 �5 h�5�� -�@�4f�� `��S 8��=�� -
�0�� �9
��

 
��F G0� V�F	�$�0@��9
�� `��S ����� a�� �S �3@ -03E5 -

js� �0%�4C 
��F �7�S �
�� ��/45 �9
�� $� �@0%�4� .
�1> 
�

 $3� �34&ZS ��%��=�� <� -
�0�� ���%��=�� 80� ���t� �3> ��3�

 ��>
 <� -�4C�M7 
� $���� n�%�) �
�� ) .8�< �37
� �� ��>


 ?�]S� $%��<$�0��� �9
�� ��@ �>r��37 U3� �3@ �3�� �35 

0%
=�45(.

$M\�� ���^ �� �u��^ ����P V�3F	� h�3�% I��3� �39
�� 

�S G0� 8�1> ��� =:�1�� �'4�(b $� G04��% ��� .�3u��^ a��

 5 a�� -��5 �$� 
�> �9
�� �> �=
k03%���5 8K <� G��]�3�� �5 D� 

�3>�^ �.> �5 0��5 �
�� 
��F 8K 
� �> $ME� �g�% <� �> 0��]5

 �g�% �9 = 01> �@
�S I4�kS -��5 ��� 
�Z.� �
 $�$3v ��\

01>.

4�qS �=07 U� T��
�2�� a�� 
�T(� A5���4'3� �=037 �� 

�9
��(( �Z3��_� -�31Z� 8K 
� ��37�� ����3�� �> �
�� ��7= 

8�C�%�C -����7 r�&�%� -��5 Vw���^���� .�35 �=037 a��

 ���%A$� G��� n���% ��� .

)�(( )[ ] ( )
( )[ ] [ ]
( )[ ] [ ]∑

∈

βα

βα

ητ

ητ
==

iNl
ilil

ijij
ijij

t

t
tataA iNj∈∀


�����E�)�(η� ����
�[ O�/�>(� �3��)'3� �
�3� 
�N�M

���33C G
=� G0133�=��
ijij d

1=ηa33�� A331E� �335 ���33> �33�

 �g�% <� V���'�i�5 jr�\ 
0�9 ��� �7 ��$�>dij �M3W�� 

h��% a45i=j= G��5 iN���'�@ �B��.� �@��C ;iD���� (.

 =ijτ�� 
�033�� G�33C =� a4335 8�33�=i=j8�/33% �
 $33� 033@� .

;�@����
�[ 10,10 ≤β≤≤α≤�3> 01�'@ A���%��S ̀ 3��S 

��%K$���S T43u1S �
 O�/3�>� ����
�[ = 8��=�� �5 04>xS 8�64� 8

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
5.

25
.1

.3
.3

 ]
 

                             2 / 13

https://dorl.net/dor/20.1001.1.2251600.1385.25.1.3.3


��� ��	����
��
��� ���
����� ���� �l

��> .
��kS 
� ��^ ta�� ����^� �39
�� �3>k�3g�% D� j�
 D� 

$��3^ 
� �01> r�&�%� a��
 -��5 �3g�% 
� �3>iD� �3�� �35 �

��� ��< V
�W:

)((( )
( )
( )

k
i

ijk
ij

il
l N

a t
P t

a t
∈

=
∑

k
iN
� ����E�)((<� ;� �B��.� ��<iN�3�� I��3� =

�9
�� `��S �> ��� Av��%kG0/% V�F	� <�1@ D� 0%�) .a3��

y4&/S I5�F :�1�� ����� <� G��]��� �5 h��% 0%�.(

���t� 35 8�3�=�� �34&ZS a431z�@ = 8�3�=�� 
�0�� 80��

����E�$� V
�W 
��kS�@ 
� ��<���X[.

)�(( ) ( )

( ) ( ) ( ) ( )







τ∆+τρ−=τ

τ∆=τ∆ ∑
=

ttt

tt

ijijij

m

k

k
ijij

1
1


��33���E� w�335 ρ8�33�=�� n@�33>����
�[ )�334&ZS (�33��

=k
ij (t)∆τ �39
�� `3��S �> ��� A%��=�� 
�0�� k;=
 D� 

���)i,j(= �3�� G��> �'/% ij(t)∆τ 8�3�=�� I3> 
�03�� 

��� ;=
 A�'/%)i,j(D����.

�����
�2�� �9
�� T�'4� ;�5��3C G
=� G013�=�� I��'3� 

U9�> G<�0%� �5)�=0^ 
��b�Spl��� (-��3�=
 ���3� �35 �

�3�� G0� �'���� $��/�>�]m.[�32�
=� {
�63C |3Zv]m#)[

}���% ��� �5 �32�� O�3v <� = ~3��7 $3M4\ $3��v <� G0�K 

G011> 04���% $M4\��� .�3> ��35 
��3F �9
�� T�'4� T��
�2��

 }���% a����5 ��� �5 G0�K -��35 U34�%� -�3����
�2�� `3��S 

N'� 
�4�=� �M(*#�b<� �3��5 �3� �4Z3� $��
�3> = 0/&5 ��Z�5 �
 

0��5 ����� $��/�>� -�����
�2�� .5 I��'� -��5 $��v <� ��E5� �

04��% ��5��7 a����5 �5 6C�@ �9
�� T�'4� w�5]).[

�339
�� :�33��7� T�'334� T��
�332�� (l `33��S �332�
=� 

w�
�Z��C=(m ]P#�([���1/34[ �9
�� T�'4� $��
�> ��Z�5 -��5 

0� .�3� �39
�� T�'34� �35 �39
�� :�3��7� T�'4� T��
�2��

 
� �> 0%
�� A���� V=�]S]m[G��� �4t�S I4q]S �5$���3� .

�32�� a��3��5 �T��
�2�� a�� T��
 �314�5 -<�3� �39
�� :�3��7� 

�S 8�1>��� �� �35 h�5�� y���% ��� ��'%��S �> �-�3����
�2

 ��, O�v�5 �
 �9
�� T�'4� 0��5 ����� �
 r�Mg� $��
�> = G.

T��
�2�� V
�ZB �7�@ 0E5 �5 �M^�� a�� <��14�5 -<�� :�3��7� 

1� ���� G0� G��]��� �9
��
�u T�'34� T��
�2�� AM> 
��\��

 �9
�� :���7����.

T4�ES �14�< 
������
�2�� -�14�5 -<�� �9
�� :���7� �5 �@

 a43�=� �3> �3�� ����C V
�W A>0%� V��4�_S ����4[ ;�L�

c33zM45 `33��S �33�%K�b]��[��33� 
� �PPl033� D�33.%� .�334�5

 
� ~34S�S �35 ���� G0� ���1/4[ �> $����=
]�*#�m[=KG�


 ��� G0�.-�3���� �3M^�� =� 
� �.�'7 ���=
 a�� �o>� 
�

 $3� D�3.%� $M_� =�35 ��/345 8K -�3���� �3M^�� �3> ���3�

 �4Z33� U334�%� -�33����
�2���33�� .T��
�332�� ��33���� a33�� 
�

 :�3��7� T�'34� T��
�32�� A3M> r�9
��9 -�1Z� �5 -���1/4[

 �9
�������� G0� G��� T4�ES ����4[ -�L� �5 �>.

>9���?( '!��
�/�  @,� �����A��	 
A��
� ���A� 


����  !��� 
� 
���� �����	 

$3� -���1/4[ T��
�2�� �4t�S �5 �� n&5 a�� 
� T�<���3[ .


�I��)�($%���7 03> �Z� = T��
�2�� �314�5 -<�3� :�3��7� 


�q�\� �5 �> -���1/4[ �9
��GCACO $� G04��% G�
=K ����

 ��� G0� .ES �
��� js� ;�L3� ;��35 T��
�2�� �	W� = T4�

$� G��� ��� ����4[ ��� .

a�� V=�]S a4�=� ��3@ -��35 ;���1/4[ T��
�2�� 
� �> ��

 �>�^ :�E� U� :���7�cR ≤≤ 10��� G0� ����C �u% 
� 

)
�0�� :���7� a4�=� -��5 :�E3� �$3� �3���C �3u% 
� ��3� .(

 �S U� `��S :�E� 
�0�� js� n@�3> �3�< Ik3� �5 $���% R5

$� �04[ 01>.

)*(
max

t
T

c cR R .e
 − 
 =

maxT��@
��kS ��0ES t$ME� 
��kS ���.

�332�� V=�33]SGCACO T��
�332�� �335�3314�5 -<�33� :�33��7� 

�g�% a����5 �> ��� a�� $���E� �9
�� ��� �5 `3��S G0�K 

:���7� 5 $ME�31B �3%w 8��3��� E5 3� �3���C �u%
� -03$��3� .

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
5.

25
.1

.3
.3

 ]
 

                             3 / 13

https://dorl.net/dor/20.1001.1.2251600.1385.25.1.3.3


��� ��	����
��
��� ���
����� ���� �m

B3-C9$0���� �	���0!��
�/�  �������	 
� D���� 

a�� �%�q3��^ -��3�=
 �5 �
 8K T��
�2�� �4W�\�( �.�'37 

01%�� ;�
�% �sS����� ��\�� U��6% .

`\
� �> 8��=�� �4&ZSm<�Ik�)((`3��S ���� G0�K

����E�$� D�.%� ��< ���:

)l(oldnew factor_evap τ×=τ

?�]S� $%��< 8��=�� �4&ZS I�B$�0��� $5�3�<
� R5�3S �>�* 

$�% �04[ -�44fS 01>) .w���^� T��
�2�� �> ��� 8K $1E� �5 a�� �


�9� = �3�� G0� ��>
 $3������ �35 03��5 $3MZF -�3�%��=��

0%�� G��s�(.

Ik333� �3335 �3337�S �3335)((R5�333S `333��S �3339
�� �333@ �

()new_active_ant 
 �5G�$�0���$��5 r��7 U� =�3> 0%���C

 �3�� G��3> �034[ �3> ��� $5��7 a����5 .a3�� a435 <� js3�

 $3� r�&�%� -����� r��7 a����5 ���5��7 8��31B �35 = ��3�

 $� $�MS 8�29
�� :���7� {	S �.4�% ��� .`3��S �9
�� �@

R5�33S ()new_active_ant = �33u��^ �8�33�=�� ;�33@�4f�������� 

5���4'� �=07 �44fS �
 $$3� 03@� .�3>�^ -��35 ����3�� a3��

 $� G��]��� -0E5 �9
�� ��3� .�35 T��
�32�� a3�� �3u��^ ?�3�

 T��
�2���14�5 -<�� 
� �3> �3�� a3�� $���E� �9
�� :���7� 

�339
�� �33�@ a4335 �33u��^ �33.1�� �=0337 = 8�33�=�� 0331%�� �33@

��� ���/� $5���4'� .

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
5.

25
.1

.3
.3

 ]
 

                             4 / 13

https://dorl.net/dor/20.1001.1.2251600.1385.25.1.3.3


��� ��	����
��
��� ���
����� ���� �p

1 Procedure GCACO_Meta_heuristic( ) 
2 Initialize_the_parameters_of_GCACO (); 
3 While ( t < Tmax )
4 [Best_Eval_Function, Best_solution] = ants_generation_and_activity (); 
5 if No_change_in_ Eval_Function 
6 Evaporate_Pheromone(); 
7 endif  
8 select_global_solution_among_the_Best_ones(); 
9 Reduce_the_Radius_of_colony_Movement(); 
10 Set_the_best_solution_of_this_colony_as_the_Nest_of_Next_colony; 
11   t=t+1; 
12 endwhile 
13 endprocedure 
 
14 Procedure ants_generation_and_activity() 
15 Initialize_the_Radius_of_colony_by_Rc; 
16 While Ant_count < Total_Ants  
17  [best_fitness, best_location, routing_table, memory, τ]=new_active_ant();
18  select_global_location_among_the_best_ones; 
19  set_returned_τ _memory_routing- table_for_the_next_ant_movement(); 
20  Ant_count= Ant_count+1; 
21 endwhile 
 22 endProcedure 
 
23 procedure new_active_ant(); 
24 Initialize Ra = Rc, Nest = Nest_of_colony, 0 2 , = 0.05ϕτ = ;
25 While (Active_ant ) 
26   do 
27     q = Uniform_rand(0,1); 
28      if 0q q≤
29       ( 1,1)new aoldx x R U= + × −
30      else 
31       best_index = compute_best_direction(); 
32       ( _ )new aoldx x R memory best index= + ×
33      endif-else 
34   while( not_feasible ) 
35   if ( memory_is_used ) 
36     0_ _(1 )new old

best index best indexτ ϕ τ ϕ τ= − × + ×
37     if ( current_ and  fcurrentbest index previousfη η< < )

38       _ currentbest index previousf fη = −
39     endif 
40   else 

41     current current previousf fη = −

42     if ( current and  fcurrenti previousi fη η∀ < < )
43       NGV = calculate_the_gradient_and_normalize_it; 
44       Bad_index = compute_worst_direction(); 
45       Memory(Bad_index) = NGV; 
46       0_ _(1 )new old

Bad index Bad indexτ ϕ τ ϕ τ= − × + × ;
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47       _ currentBad index previousf fη = − ;

48     endif 
49 endelseif 
50   Update_ant_routing_Table(); 
51   currentpreviousf f=
52   currentpreviouslocation location=
53 if ( Ra < 0 ) 
54     Active_ant = false; 
55   endif 
56   Ra = Ra * DF; 
57  endwhile   
58  if (online_delayed_pheromone_update)

59    Bh = Find_direction_with_best_heuristic_value; 
60    4(1 )new old

Bh Bhτ ϕ τ ϕ= − × + × ;

61    Update_ant-routing_Table();
62  end if 
63 endProcedure  
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1. ant colony optimization 
2. continuous spaces  
3. stigmergic property 
4. bench mark 
5. genetic algorithm 
6. evolutionary strategy 
7. evolutionary programming 
8. meta-heuristic 
9. traveling sales man problem (TSP) 
10. Grassé 
11. Bellicositermes Natalensis 
12. Cubitermes 
13. pheromone deposition 
14. recruitment 
15. ant system 

16. Dorigo 
17. tour 
18. stagnation 
19. internal state 
20. Tabu list 
21. decision table 
22. ant routing table 
23. heuristic 
24. Oliver-30 
25. ant colony system (ACS) 
26. Gambardella 
27. pseudo random proportional 

rule 
28. exploitation 
29. bias exploration 

30. Bilchev 
31. nest 
32. greedy 
33. hill climbing  
34. evaluation function  
35. roulette wheel 
36. feasibility 
37. delayed online pheromone 

updating 
38. generation 
39. population size 
40. combination (x-over) 
41. mutation 
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