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1�مي آنچه به نام ضربه قوچ در شبكه56.� شود، شرايط گذرايي است كه ممكن است به علت تغييرات سريع در شيرها، هاي خط لوله شناخته
و تغيير بار مصرفي توربينها رخ دهد  در اين حالت اغتشاشات وارده با سرعت صوت به صورت موج فشاري مثبت. راه اندازي يا متوقف شدن پمپها

و به علت تنش برش  و تجربي نشان داده اسـت كـه در اسـتهلاك. شودي ديوار مستهلك مي يا منفي در سيستم حركت كرده مقايسه نتايج نظري
و يا شبه مانا به پيش بيني غلط حوادث گذرايي منجر مي  در حقيقت نيمرخهاي سـرعت در شـرايط نامانـا،. شود امواج فشاري، مدل اصطكاك مانا

م  و در نتيجه تنش برشي از حالت - لولـه-در اين مقاله شرايط گذرايي يك سيستم ساده شـير. انا بيشتر خواهد بود گراديانهاي شديدتري داشته
و با روش مشخصه و با حالتي كه جمله اصطكاك مانا در نظر گرفته شده مقايـسه خواهـد مخزن با اعمال يكي از مدلهاي اصطكاك نامانا ها بررسي

مي. شد كه انطباق بيـشتري بـا نتـايج شوند نوسانات سريعتر مستهلكمي) مدل برونون(ا دهند كه با استفاده از مدل اصطكاك نا مان نتايج نشان
و اختلاف قابل توجهي در مقايـسه نتـايج. تجربي دارد  به طوري كه در بعضي حالات عدم حضور جمله نامانا به معني عدم استهلاك نوسانات بوده

و نظري مشاهده مي  مي. شود تجربي دهد كه مدلسازي ضربه قوچ با جمله اصطكاك مانا پيك فشار را بيشتر از مدل علاوه بر آن نتايج حاضر نشان
و اين اختلاف با تغيير قانون بستن شير تغييرمي كند .اصطكاك نا مانا پيش بيني كرده

7
89����. مدل اصطكاك نا مانا- جريان نا مانا-ها روش مشخصه : )(�

Effects of Valve Closing Law and Unsteady Friction Model  
on Damping Pressure Waves in a Network 

 
A. Vakil and B. Firoozabadi 

 

Mechanical Engineering Department, Sharif University of Technology 
 

Abstract: Water-hammer is a transient condition which may occur in a network as a result of rapid or slow valve closures, 
pump failures, changes in turbine loading, etc. It creates high and low pressure waves which travel along the system and decay as  
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a result of wall shear stress. Comparison of experimental and theoretical results revealed the failure of steady or quasi-steady 
models in correctly predicting the damping process of the pressure waves. In fact, the velocity profiles have greater gradients 
under unsteady conditions which results in higher shear stresses compared to the steady condition. In this paper, the transient 
condition in a network (valve-pipe-tank system) is investigated by implementing one of the unsteady friction models (Brunone 
model) into the method of characteristics (MOC). Results show that using the unsteady friction model damps the pressure waves 
more rapidly, the absence of which may result in disagreement between theoretical and experimental values. In addition, this 
work shows that pressure rise due to the water hammer phenomenon can not be correctly determined without effecting the 
unsteady friction factor. The valve closure law affects pressure rise prediction. 
 
Keywords: Method of characteristics, Transient flow, Unsteady friction models. 
 

 فهرست علائم
a1
�3  5�� �6�� 

D���� �78 

f&�
	! 9�:7;	 <��=%>�?)�	@ 

uf�'�� �' 9�:7;	 <��= 

kA�'@�B �.� �'�� �' 9�:7;	 
! �B�C <��= 

L�DB &E�D��FG @ H��/��� IJ!�K� L	 &7M <FN�O

P(3��' <��=λ

HQ����@RFG .S 

PQ����@RFG 
�3  

Q��F� &B! 

V�TU� VFE'�F� �6�� 1	

α���� ��@	L�?)'W 	 �B

ρ��F� &��EX 

:6���;� 

���� A���Y 
! 1Z�'	 I�[\O 1@�D'	�] �D\6 �DB �3DF�S �S

 ��	 ��F� ._
	��! `�a7;	 A�FB
! H���� 
�b �BL	 ��F� @ �S

 &D� _!�[��	 �'�� �?� �� �'�� ���c d�!�K� !�D� .��DE�! A�DFB �DB

e�  &� @ �DB�C RDF' 	
f] A���Y 
! `�a7;	 <��= �0 !��

 �F�@	 
	.�� �B	�B)�'�� �.� (@ &D'g L.D��/�
 !.6 �B ��)B	@ �� @

&\U�)�'�� �?� �.� (.��B]�@
.[1�D����c 1	�DB e�D  VD�	

 �'�� �?� 
�� 
 
	��! &��B j/O ��'g 
! �0 ./k0 1	
f] lB�8 !
	!

 ��	 ��?8 .1	
f] 1�����c 
! ��	 �DB &DB�2O m��D�' �)���� ./kO

lDB�8 n��DM	 ��D'�� &0�a7D;	 �.� �B o�B�� &O�?��U� m���'

 ��	 _!	! A�3' I�'���' 9����	 
! &�Y�O]�@$.[��F�c 
!

 ���	! 1�O.�.� 1��'��!	�] �'�� �' p�	�� 
! �6�� 1��M��F'

 !�DB .DS	�M ��3FB �'�� ���c L	 &��B j/O �2F�' 
! @]q@�.[

&��B j/O �DTU� �6�D� VFE'�F� �B rS 	
f] 1��'���Y 
! 1	

)��	 A��L sB�O p�  �N ���� s7���S
! VFE'�F� �6�� (rS @

�B �6�� I	�FFtO &)'�0�  1	��U� �� ��6�� I	�FFtO >�' �B

�D\6 �DB 5	�D�	 �OJ�B �?O�� 1��aF'��
�S @ ��	 ��)B	@ �A��L

 �[�u� L	 ��K��� 
�F)B &��B j/O j�	R 	 �B 1�S �D��0 v'�0�  

&� Q\��)� .'�D�]$.[�DB ��)DB	@ `�:7D;	 I	�DC	 �D2F�' 
!

 &� _.'@
 jFG 1��Y�� 
! 5�Y�6	 w6�B v'�0�  !�� .
	.D��

 A���Y �B r0�c p�	�� �B 1�T' @ &B�2O n��M	).D/kO 1	
f]

 x�3t� �� H	
g A���Y �./k0 �� (��F� y	�M @)�YR� (��)B	@

��	]z.[�.D� 
! �D��8! H.6 V�	 �DB �D�	 VDa�� 1!.D6 1��

jFG �D2/� 1
�D(B A�FD����@�0 @ s��� A��� &�	.Y p\{ &/FB

!�� .@ 1.DKB |D� �D'�� �D' `�a7D;	 1���.D� 
�DT/� V�	 �B

���� 
! 	
f] A���Y &�
�B 1	�B 1!��L 1.KB@! IJ�D�� 
! �DS

 ��	 _.� �}	
	 ~\�(� .&� 	
 �'�� �' 9�:7;	 1���.� �DB A	�DO

/B ��?b ��L _@�] j� !�N 1.]�:[

�%�DDTU� �6�DD� VFE'�DDF� �DDB 9�:7DD;	 �DD\�Y �DDS 
! 1	

�s7��)t(V��	 ��)B	@ �.


%�DTU� �6�D� VFE'�DF� �DB 9�:7;	 �\�Y sD7�� �DS 
! 1	

)t(V�TU� &\U� ���� ��1	
t
V
∂
∂���	 ��)B	@ �)&\�! �.�.(

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             2 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


��� ������	
��
��� ���
����� ���� ���

�%E'�F� �B 9�:7;	 �\�Y �DTU� �6�� VF sD7�� �DS 
! 1	 

)t(V�DTU� &\U� ���� ��1	
t
V
∂
∂�DB�Y ���D� @&��DY

�TU� 1	
x
VV
∂
∂��	 ��)B	@ �.

$%�DTU� �6�� VFE'�F� �B 9�:7;	 �\�Y sD7�� �DS 
! 1	 

)t(V�AZ�F[�! @
2

2

x
V

∂

∂��	 ��)B	@ �.

q%�DDTU� �6�DD� VFE'�DDF� �DDB 9�:7DD;	 �DD\�Y 1	�DDS 
!

sDD7���)t(V�DDB _.DD� AL@ �6�DD� �DD�(�
�O I	�DDFFtO @

( )τW���	 ��)B	@ )�:\�L �.�.(

�%�DTU� �6�� s�L�O �B 9�:7;	 �\�Y ��)DB	@ A�D��Y 1	

 ��	)1.KB@! 1���.�(

.KB |� 1���.� 
! �\�Y 1�?Y ��U� L	 1�DB �D'�� �D' 1�S

 &D� � �D=	 �'�� `�a7;	 �\�Y !�D� .&E�)DB	@ ���.D� VD�	 
!

 �B v'�0�  �B `�a7;	 _�].�! @! @ ��	 _.3' A�FB ���; 
�b

)r2/G @ H�� _@�](��	 ��L I
�; �B:

�D�(�
�O �D��G �DB �D'�� �D' `�a7;	 �\�Y _�].�! VF�@	 
!

 &� �?��U� A���Y ���� �!�� �:\�L ]$[`�a7D;	 1	�B &�.�

 �D�	 _!�0 5	�(��	 	
f] H	
g 1��'���Y 
! v'�0�  �B ��)B	@

)r2/G _@�] .( A�D��Y �6�D� �DB `�a7D;	 �\�Y �.� V�	 
!

 ��	 ��)B	@ _.� AL@ �6�� d�(�
�O I	�FFtO @ &'g p���� .

I	�DFFtO l��� �0 �	�E�'	 �\�Y d?��U� 
�T/� �B �:\�L x@


 @ �6�� d�(�
�O 1���6�D� H�D�O ��DFM� �DB �D�	 _.D� AL

 _L�B 
! _.� �?��U� !
	! L�F' l?8 &'��L 1�S .A��L jS�0 1	�B

 �D(��O I�?D��U� r2c @]��[A	
�D:�S @ &N@L�D� @]��[

_!	! �}	
	 �:\�L �.� �B &���?���O .'	 .

�DTU� ���D� ��!�D�� �DB `�a7D;	 �\�Y H@! _�].�! 
! 1	

��	 ��)B	@ .��� ���.� V�	 ��D�	 A	
�D:�S @ &\�! �F�@	 �.� l

���D� @ &'g p���� A���Y �6�� �B �'�� �' `�a7;	 Ag 
! �0

 ��	 ��)B	@ &'g &\U� .A	
�:�S @ A�'@�B]�@�[�KD��O &�.D�

 �B�Y ���� Ag 
! �0 �.'	 _!�0 5	�(��	 &\�! �.� L	 �� �� &��DY

 ��	 _.� � �=	 &\�! �F�@	 �.� �B)H�D� _@�D] .( A�D'@�B �.D� 

_L	.'	 m���' VFB &B�M WF?7O @ ��	 _!�� ���?)' �?D��U� @ 1�DF]

 &� A�3' 	
 _.� .S! .lDB�8 1.DKB |D� 1���.D� �DE�! n�b L	

��(3� x@
 
! ���6	 �S)MOC (./�)S.

&DK8	@ �6�� >��F' 1.KB @! �?� @ 1.KB @! 1���.� 
!

 &� 
	�8 �Y�O !
�� s7�� �7� 
! �DB 	
fD] 1�D�'���Y @ !�DF]

 �8! ./�)S A.� �.� lB�8 1�OJ�B .@ 5�� |�RF  �B ���.� V�	

 .'�O
�]L�� &E�[�g AZ�F[�! .�DB r0�Dc IJ!�K� ���c V�	 
!

 _
�DG lF)D'	�[�! IJ!�K� r�)F� |� �	
f] ��[�g 1��'���Y 1	

1����fS%&D� !�D2�	 	
 1���� �DB &D\0 �D��c 
! �D0 .D/0

 D����c 1	�DB p�  @ ./�)F' lc lB�8 &\F\UO I
�; y�DM 1�

 &� �'�� �' H	
g 1��'���Y �6�D� >�D�F' 1	�B &\F\UO lc A	�O

�B !
@g ��! .&� .'
	! !�Y@ �0 &[\�(� 1!.6 1��\c L	 A	�O

!�0 _
��	 ��L lc @! �B:

�%1!
	@ 1!.6 lc%�'	@ ]�
[�D0 Ag �B�3D� 1��D�@
 @

��D(3� x@
 �DB r0�Dc IJ!�DK� 1����fDS ��)8 �DS

)MOC ( x@
 �B 1���� ��)8 @!@.DU� l=�[O )FD (

&DD� �.DD� !�DD� .x@
 �DDB 	
 &Y�DD� jDD(B �DD�F�c 
!

��(3� !@.DU� lD=�[O x@
 �DB 	
 &'Z�F[�! j(B @ �S

&� �.� ./N .


%�E/�RG lc]��[�B &:�� 1���@
 L	 �0FD lc 
�T/� �B

_!�[�D�	 r0�c IJ!�K� 1���� @ 1����fS ��)8 @! �S

&� ./0 .

IJ!�K� �B 	.�B	 ����� V�	 
! 	
fD] p�	�D� �B rN�c)jD(B

H@! (��(3� x@
 p��O ��'g lc x@
 @�S)H�D� jD(B (@

&� _
��	 �F� @ AR(� _!�� 1L�� p�	�� !�� .H
�D�X jD(B 
!

 o�D7M �FFtO @ 1!
	@ 9�:7;	 <��= �A�'@�B &N�:7;	 �.�

��(3� &� �}	
	 �'�� �' 9�:7;	 �\�Y �\6 �B �S !�� .j(B 
!

 	 &�
�B L	 vG RF' �Mg �'��	
 .N 
�?�6 �:?D� 
! _.D� ��D��' 1	

AR(�%���� %sDY�� m��D�' �B m���' �)���� @�F� ]
[&E'�DEX �

&� 
	�8 &�
�B m���' 
! �'�� �' 9�:7;	 �.� �FC�O !�� .

<6=>
? �@�
4� 

IJ!�K� 1.KB Q� �D�'���Y �B rN�c I�FD=�  �DB 	
fD] 1

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             3 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


�	 ��� �����
��
��� ���
����� ���� ���

'.�A6���� xt��" 
�$B ���� �	 '? �

_
	��! A!�B QF��J	 ���F� 1��fG rN	�O &7M 
�b �B ���� 1�S

 ��6�D� ��)DB	@ �DFt�� @! <)Dc �DB ��'�� &N�:7;	 I�[\O @

( )t,xV�
�3  @( )t,xP��Db 
! A�D:� l��)D� �DFt�� @! @

����� x�A��L @t./�)S ��L I
�; �B ]�@
:[

)�(0
D2
VfV

sing
x
P1

x
VV

t
VL1 =+α+

∂
∂

ρ
+

∂
∂+

∂
∂=

)
(0
x
Va

x
PV

t
PL 2

2 =
∂
∂

ρ+
∂
∂+

∂
∂=

C6'? D�
 

IJ!�K�)�(@)
(_
�DG lF)D'	�[�! IJ!�K� I
�; �B1	

1��D�@
 RDY �DB &D\N ���c 
! @ ./�)S &7M �F{ 1����fS

 .'
	.' 1�E�! lc 1!.6 .!.6 1���@
 L	 &:� 1	�B �@	.�� 1

��(3� x@
 IJ!�K� V�	 lc lF)'	�[�! IJ!�K� �N ����S

 &D� 1!�6 lF)'	�[�! IJ!�K� �B l�.?O 	
 &�RY .D/N]�@
.[�DB

 �B�Y �\�Y L	 �T' n�; IJ!�DK� �&7M �'�:O ��!�K� 
! &��Y

)�(@)
(�&B! <)c �B)t,x(Q�QD����@RFG .S @( )t,xH

&� &)��' L�B ��L I
�; �B.'��:

)�(0
DA2
QQ

f
x
HgA

t
QL1 =+

∂
∂+

∂
∂=

)$(0
t
HgA

x
QaL 2

2 =
∂
∂+

∂
∂=

��(3� x@
 IJ!�DK� L	 &D7M <DFN�O �DS)�(@)$(�DB 	


 P(3��' <��=λ&� �T' 
! ��L I
�; �B!�F]:

)q(
0

DA2
QQ

f
x
Qa

t
Q

x
H1

t
HgALLL

2

21

=+





∂
∂

λ+
∂
∂+







∂
∂

λ
+

∂
∂

λ=λ+=

N W�3� ~��KO �B <�	�D= A!	! 
	�D8 �DB	�B @ &\
x
Q
∂
∂@

x
H
∂
∂�

&� l;�c ��L I
�; �B &[/� @ �?�� ��(3� o�7M !��:

)�(a
dt
dx ±=�� 2a1

dt
dx

λ=
λ

=

��!��� &/�RE��Y �Bλd�!�K� 
! )q(�D0 IJ!�K� �[Y @! �DB 

��)B	@ rS 	.'&� ��! �B.�g 

)z(










−=

=++−
−

a
dt
dx

0
DA2
QQ

f
dt
dQ

dt
dH

a
gA

C

@










+=

=++
+

a
dt
dx

0
DA2
QQ

f
dt
dQ

dt
dH

a
gA

C

�	�E�'	 �B ��c IJ!�K� 1�F])z(��D(3� o�D7M 1���	
 
!

 &� l;�c 1!@.U� l=�[O IJ!�K� �A�� V�)D'	! �DB �DN !��

 p�	�DD�( )tt,1i ∆−−@( )tt,1i ∆−+�DD] �DDS 
! &DD\M	! ��

 s7�� 
! �a?� i! �@1
�]L�D� dD�!�K� )�(A�D�R�S 
�Db �DB 

H�\K��' ��!��� 1	�B)t,i(Q@( )t,iH&D� lc !�D� @A�D�L 
!

&� jFG r�@
)l:��:(

)�(

( ) ( ) ( ) ( )t,itt,1itt,1it,i QBCH:C ∆−+∆−+
− +=

@

( ) ( ) ( ) ( )t,itt,1itt,1it,i QBCH:C ∆−−∆−−
+ −=

�SL�� 
! !
	! !�Y@ ��(3� pM Q� p�  ,QD� �DB �2F�' 
!

 VFB & �=	 ��!�K�Q,H�r�
	! L�F' .DS �D7B	
 VF/X%	
 &DB! 

&� 1L�� o�� |� rF��' .

C6A6E��@
" 7FG� �,�� H�� 

A���Y ��! J�B 
! �
RB AR(� |� 
!�&D� �J��K� A	�DO

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             4 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


��� ������	
��
��� ���
����� ���� ���

	
f] ���c |� &b 
! 	
 &aF�@
.FS pM �D �] �T'
! �B�C.

&D� A�DFB 1L�� o�� V�	 .D/0:( ) Rt,1 HH =�Ag 
! �D0 RH

L	�DO pDM 1J�DB ARD(� �7� ��[O
	 �D�	 .A�D�R�S lDc �DB

( ) Rt,1 HH =1
�]L�DDD� �DDD�!�K� @−C��!�DDD�� )t,1(Q@

( )t,1H&� l;�c 1.KB 1��'��L 
! !��.

C6<6�,�� H�� ���� �
���� E��  �	
I 
� ��� 

vF[�
	 ��!�K� ��	 ��L I
�; �B &\N ���c 
!]
:[

)�(H
H

Q
Q

0

0 ∆τ=

0Q�'�� A���Y &B! @0H�FD� 
! �D'�� ���c .S � 	 @H∆

�F� 
! &:F�@
.FS L	�O pM 
! &'g � 	@τ�DF�N QD� &DB

 .KB Ag 
! �N _!�BGd AC�FD� L�B s7�� �7� ��= l;�c 

��	 �F\(O <��= 
!:

)��(
( )0Gd

Gd
AC
AC

=τ

!�K� A�DDD�R�S lDDDc �DDDB�DDD�)�(@1
�]L�DDD� �DDD�!�K�+C

��!�DD��)t,1N(Q +@( )t,1NH +lDD;�c 1.DDKB 1�DD�'��L 
! 

&� !��.

)��(
( )

( )( ) ( )tt,Nv
2

vtt,N

vtt,N)t,1N(

CC2CB

CBQ

∆−∆−

∆−+

++

−=

Ag 
! �N
0

2
0

v H2
)Q(

C
τ

=@NI��F)D�O !	.DKO _.D/S! A�3' 

��	 ���� .

J67����" #>
���� ��� 

pD���� A�D��Y �6�D� �DB 9�:7D;	 �\�Y �.� V�	 
!

�TU� �1	V�TU� &\U� ���� ��1	
t
V
∂
∂�DB�Y ���D� @&��DY

�TU� � 1	
x
VV
∂
∂��	 ��)B	@ �.9�:7D;	 <��= ��E�! A�FB �B

 !�DDDB .DDDS	�M ��)DDD8 @! L	 <DDDN�� :�DDD'�� �?DDD� jDDD(B 

&�
	!%�>�?)�	@qf� �'�� �' j(B @ �uf�

uq fff += 

�D�L I
�D; �DB �'�� �' 9�:7;	 <��= A�'@�B �.� ���	 �B

��	:

)�
(







∂
∂

−
∂
∂=

x
Va

t
V

VV
kDfu

�D\�Y �D��6 V� �D] 
�DT/� �DB 	
 J�DB ��D��  &:) �:��@

�B�Y �L I
�; �B &��Y !�N ��;	 �]�:[

)��(( ) 







∂
∂+

∂
∂=

x
VVasign

t
V

VV
kDfu

Ag 
! �DDN( ) 1VSign =�DDN &DD�8@ 0V ≥@( ) 1VSign −=

�N &�8@0V <.<��=k��F��)� rS "�DB &B�2O I
�; �B

D= pD��O 1!
	@ rDS @ .D�g &D� ��! � n�DO	 <��*C�DB 

��	 _!�0 ~��KO ��L I
�;]�:[

)�$(00476.0C* =
A���Y 1	�B

H	
g 

)�q(








=
05.010 Re

3.14log

*

Re

41.7CA���Y 1	�B

��[�g 












=
2
Ck

*

sY��]�[&B�2O ��!���kVFB 	
 ��/�@�q/�!�N �N� ��	 _.

J6A6
�
� 
� �
���� �)KL 
" �MG�� �@�
4� 

��!�K� ��'�� �' 9�:7;	 �\�Y V� �] �T' 
! 
�T/� �B1L�B 

&)D��'L�B lDB�8 �D�L I
�D; �DB A�D'@�B _.D� ��D;	 �.�

��	]�$:[

)��(( ) 0QaQk
DA2

QfQ
gAHQL xAtxt1 =φ++++=

Ag 
! �DDDN1A −=φ1	�DDDB 0VVx <@1A +=φ1	�DDDB 

0VVx ≥��	 .��!�K� 1	�B)q(r�
	!:

)�z(
( ) ( ) 0

DA2
QfQ

Q
gAk1

gAkaa
Qk1

HgAHL

x
A

2

t

xt

=+












+
φ+λ

+++







λ
+λ=

��	! rFS	�M �&\N W�3� ~��KO �B �Y�O �B:

)��(
( )gAk1

gAkaagA
dt
dx A

2

+
φ+λ=

λ
=

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             5 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


�	 ��� �����
��
��� ���
����� ���� ���

'��<6��� �)N!� ��B
K� 6���� 67FG� )
���� 
� ����
�� 
��P ���� �(

���L A6�)N!� #�	F�� �
MG�� ]<[���  �!" �
����
P �

mE

ct
t1 






 −=τ

8�F� V�)B A�'� 

�B &7M 
�b 

�F� V�)B A�'�8 

�B &'	�O 
�b 

��! J�B Q'�O .S 

( )m

9�:7;	 <��=

&�
	! 

���� �78 

( )m

I�; �6�� 

( )s
m

���� ��b 

( )m

�=mEs�/�tc=q/�=mEs�/
tc=�q� ���/�q/��
�� ��� 

Ag 
! �N:

)��(( )2k
a2

gA
a2

gAk
A +±φ−=λ

&� _.S�3� vG �D'�� �D' 9�:7D;	 �\�Y A!�N � �=	 �B �N !��

 �7M ��@	L L	 ��(3� oa±�B 
k1

a
+

±&D� �FFtO .D/N .��Dc

 lD=�[O IJ!�K� �.�.Y ��(3� o�7M 1@
 1�F] �	�E�'	 �B

&� l;�c _.� ��;	 !@.U� !��.

T6��
	�
 �> �" #�G" 

��*� U	
�� �V�
� � �� 

�D'��	
 .DN �DB A.F3(B 
�?�6	 
�T/� �B D� L	 ��D=�c 1	 _!�

 �&�	
fD] p�	�D� �FD=�O 1	�DB ��D�� V���F���	 .��� @ V��O

 �F� �\�)�%���� %sDY�� 
! �DN _.� _!�[��	 � Q'�O ]
[_.D�g

��	 .
!l:�)
(&� _.S�3� �\�)� ��./S L	 &:FO��� !�D�

 ���6 �B �F� �NT��	 _.� _!	! A�3' .&D:�RF  I��D(3�

 
! �F� V�)B A�'�8 @ �\�)��@.Y)�(P(3�_.� .'	.

l:�)�(l:� ����� pM r�)F� 
! &B! I	�FFtO)�%~D�	 (

l:� ��F� lU� 
! .S @)�%�(���6	 A@.B A��L �B �?)' 	


 �'�� �' 9�:7;	 �\�Y sY�� m���' �B �)���� 
! @]
[&D� A�3'

 �'��	
 .N m���' l��N ��?7'	 .��� @ .S! sDY�� �B �=�c 1	]
[

�)F' 
�T�'	 L	 
@! �N ��	 .A.D� ��)DB A�'�D8 ���c V�	 
!

 ��	 &���' 
�b �B �F� .
	�D:O I�'���' l:F� A��L ��f] �B

 &� 
�T�'	 @ _.� 
	�D�! &��B j/O �\6 �B 1
�3  5�� �N !@


 !�� Q\��)� .A��S 
! 
	�D�! &D��B j/DO .D� �DN� �DN 
�b

 &� w6�B @ �� �� j�	R 	 	
f] ���c �DO!@L &'���' I	�C	 !��

 .'�D� Q\��)� .�DO �D'�� �D' 9�:7D;	 �D\�Y ��D�6	 �FC)�.D�

A�'@�B (H.D6 �DB A�D�L �DB �?)D' �F� .S I	�FFtO �?��U� 
!

 
! Ag ���6	l:�)$(!�� &� _.�! .l:D� &D�
�B)$(A�DFB

&� ��f] L	 vG �'�� �' 9�:7;	 �\�Y A@.B �N ./N
��DF'�C 

&N����	 �FS @ _.'�� �B�C �F� �3G .S I�'���' �/�	! ��?���O

3� &�' _.S� !�� .A�'@�B �.� &��'	�O ��=@ �B �E�! & �b L	

 l:D� 
! 1
�3  QFG ����'	 @ I�'���' 9����	 
!)$(lDB�8

 ��	 _.S�3� .&� _.�! RF' 1�E�! ��:' l:� V�	 L	 Ag @ !�D� 

.c �:/�	 
�3  j�	R 	 ��N	)
�3D  QDFG (�D\�Y ��D�6	 �DB RDF'

 ��	 �� �� jS�N �'�� �' 9�:7;	 .O &� 	f� �D\�Y �N �[] A	� 

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             6 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


��� ������	
��
��� ���
����� ���� ��,

)3�� ()W(

'��C6XL�� 
" U	
�� �!	
;�]<[3�� /(W � #"� (��� E�I 
� �Y )#�Z �
�� �" ���  �!" 7��
P (

'��J6
�
�
� �
���� �)KL �
K*� ��&[B �!	
;� )7����" ��� (�
�
��� ������ 
� 7+ 7��" �

��� E�I �Y 
� )���  �!" 7��
P :#�Z �
�� �"(

.'	�O &�' ���3FB 
�3  ��N	.c &/FB jFG �B _@�6 �'�� 9�:7;	

./N Q\��)� &'��g �B RF' 	
 I�'���'.


	.�� .� �N� ��'�/X k&� A�'@�B �.� 
! ��F��)� .'	�O "

!�� VFK� 1!
	@ <��= p��O �� @ &B�2O 
�b �B.
! ��	 V�	

1��\:�)q(@)�(<FO�O �B pD�@ .DS @ �FD� �3G .S 1	�B 

&� _.S�3� ���� pM !�� .���c 
!03.0k =I�'�D��' �D/�	! 

���c 
! @ ���N07.0k =	
 1��3FB 9����	 I�'���' �/�	! 

&� A�3' 1!
	@ <��= �B �?)' .S! .��D�� V�	 
!045.0k =

DB�� m��D�' 1@
 �B ���F8! @ _!�DB WD?7/� 1!
	@ <��D= �DB o�

 &D� A�3D' 1!
	@ <��= �B 	
 &B�M &�	�/�S .DS! .<��D=k

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             7 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


�	 ��� �����
��
��� ���
����� ���� ��*

'��T6]	�^ 3)�G� �	�
;� �!	
;� k��� E�I �Y 
� ��
�� ]	�^ 
" 7����" ��� 
� )#	
K� �
�� �" ���  �!" 7��
P(

'��_6�	�
;� �!	
;� ]	�^ 3)�G� k���� `�� �Y 
� ��
�� ]	�^ 
" 7����" ��� 
� )#	
K� �
�� �" ���  �!" 7 ��
P (

VD�	 �DN �DX�S &/K� ���	 �'�� �' 9�:7;	 �\�Y 
	.�� �E'�FB

 @ �D� �� j�	R 	 �'�� �' 9�:7;	 �\�Y I	�C	 �.B�� j�	R 	 
	.��

 	R 	 
	��! &��B j/O �2F�' 
! &� j� .DB�� .
	.D�� �DX �DS k

&D� Q\��)D� ��K��� I�'���' �/�	! !�� ��(�'	 ��]
RB !�D� .


	.�� j�	R 	 �B VF/��Sk	
 1��3DFB ����'	 1
�3  5�� QFG 

&� A�3' !�M L	 .DS! .~D\�(� ��!�D�� VFDB m��D�' �)D����k�

\:� 1��)q(@)�(V�	 �B _	�] I�'���' 9����	 &E'�EX 
!

���6.� .<D��/� 
	.D�� QD� 
�F�M	 vGkA�D'@�B �.D� 
! 

�D�:' VD�	 @ ��	 �B�3� &B�2O m���' ./�L�F' @ _!�B r�� 
�F)B

 �DY�O �B 	��L ���	 !��3� A�'@�B �.� 
! &[K= A	�/6 �B RF'

� ����'	 pM r�)F� �B./0 �FFtO .'	�O &.


!1��\:�)z(@)�(pDM pD�@ 
! @ �FD� �3G 
! .S

 &D7M 
�Db �DB �F� �N &���c 
! A��L L	 &KB�O I
�; �B ����

)1.0tc =(&� ��)B ��	 _.� _!	! A�3' �!�� .�F� �N �2'g L	 

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             8 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


��� ������	
��
��� ���
����� ���� ���

'��a6]	�^ 3)�G� �	�
;� �!	
;� k
� ��� E�I �Y 
� ��
�� ]	�^ 
" 7����" ���)#�Z �
�� �" ���  �!" 7��
P(

0k =#$4� �" E�
�
�
� �
���� �)KL �
K*� b�* 

'��c6]	�^ 3)�G� �	�
;� �!	
;� k���� `�� �Y 
� ��
�� ]	�^ 
" 7����" ��� 
� )�
�� �" ���  �!" 7��
P#�Z (

0k =#$4� �" E�
�
�
� �
���� �)KL �
K*� b�* 

&� ��)B ��K��� WD @ 1	�DB 1���N �;�  ��F� 1��'���	 �!��

 .D'
	! p�	�D� �FFtO �B !�M A!	! .@ I�'�D��' �D/�	! �D2F�' 
!

 �O.�.D� 
�F)B ��8 �B�= I	�C	 @ _.� ��3FB I�'���' v'�N� 

 !�B .S	�M .A	�/6 �B l:D� 
! 1
�3D  QDFG VFD�@	 ��D��)$(

�!�DDDK�m270 l:DDD� 
! @)z(�DDDB	�Bm450�DDD�	 .
!

1��\:� )z(@)�(~\�(� ��!��� @ 1!
	@ <��= VFB �)���� 

k�DD�	 _.D� _!
@g RDF' .&DD� _.S�3D� �DD\�Y A@.DB �DDN !�D�

 �'�� �' 9�:7;	)0k =(j�	RD 	 �B @ ���	! !�Y@ &�N &�	�F� 

k&DD� .S�3DD� 1��3DDFB &DD�	�F� 
	.DD�� !�DD� .�DD��c VDD�	 
!

033.0k =&� A�3' 1!
	@ <��= �B 1���B WB�7O .S!.

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

                             9 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0


�	 ��� �����
��
��� ���
����� ���� ��+

_6�d��� ���8 

�FD� V�)B _�U' @ �'�� �' 9�:7;	 �\�Y �C	 ����� V�	 
!

 _!�� ���� pM Q� &�	
f] A���Y 1L�� �F?� 
! _.� &�
�B 

��	 .�D��c 1L�)D�.� 
! �DN �D��6.� VD�	 �B _	�] m���'

 &��D'	�O �D'�� �?D� �D� @ �'�� &��B j/O ����� 
! ��F� 1	
f]

 &D��B j/DO ��D;	 �DB L�DF' @ ���	.' 	
 I�'���' 9����	

��	 .�D' I	�C	 V� �] �T' 
! 1	�B ���@
 V��O _!�� L	 &:�

 '�� �' 9�:7;	 �.� �A���Y A!�B �'�� �DN �D�	 A�'@�B �.� �

��	 �?�K� L.��/�
 !	.6	 L	 &KF�@ _L�B 
! .�B�C 
	.��k
! 

��F��)� �.� V�	 "<��D= WD��b L	 �D� @ &DB�2O I
�; �B

 ��	 ���6	 lB�8 1!
	@ .&� A�3' m���' ��D(�'	 �DB �DN .DS!

 .DS	�M ��K��D� I�'�D��' 9����	 <��= V�	 �
RB ��!���

!�B.�U���� 
	.�� �B A.F�
 L	 L�DF' &DB <��= V�	 1	�B 1	

 A�D'@�B �.D� ��DF6 L	 RDF' �D�	 VD�	 �N �)F' &B�2O m���'

&� .��B .��D�6	 r�)F� �B �F� W��b L	 I���3�{	 �N �2'g L	

&� �B �F�S	 L	 �F� V�)B �!�� &�	
f] ���c VFFKO 
! &�	R�

!
	! .&� A�3' m���' �DB �FD� V�)DB �B �N .S! @ &D7M 
�Db

��K��� %&��D�' ���c �B �?)' %@ �O.�.D� I�'�D��' �D/�	! 

!�B .S	�M ��B�(� 
�F)B &�	
f] I	�C	 ._��@ �B 1L�)�.� 	f�

 �D\�Y ��D�6	 A@.DB @ &D7M I
�; �B �F� V�)B ���c 
!

 ���N m���' �'�� �F6 9�:7;	 "&D/FB jFDG 	
 &D�FK8	@ L	 
@!

!�N .S	�M .

XL��� 

1. Chaudhry, M.H., Applied Hydraulic Transients, Van 
Nostrand Reihold, New York, 1979. 

2. Wylie, E.B., and Streeter, V.L., Fluid Transients,
FEB Press, Ann Arbor, Mich, 1982. 

3. Holmboe, E.L., and Rouleau, W.T., “The Effect of 
Viscous Shear on Transients in Liquid Lines,” 
Journal of Basic Engineering, Vol. 89, pp. 174-180, 
1967. 

4. Zielke, W., “Frequency-Dependent Friction in 
Transient Pipe Flow,” Journal of Basic Engineering,
Vol. 90, No. 1, pp. 109-115, 1968. 

5. Silva-Araya, W.F., Chaudhry, M.H., “Computation 
of Energy Dissipation in Transient Flow,” Journal of 
Hydraulic Engineering, Vol. 123, No. 2, pp. 108-
115, 1997. 

6. Brunone, B., Karney, W., Mecarelli, M., and 
Ferrante, M., “Velocity Profiles and Unsteady Pipe 
Friction in Transient Flow,” Journal of Water 
Resources Planning and Management, Vol. 126,  
No. 4, pp. 236-244, 2000. 

7. Vardy, A.E., and Brown, J.M.B., “Transient, 
Turbulent, Smooth Pipe Friction,” Journal of 
Hydraulic Research, Vol. 33, No. 4, pp. 435-455, 
1995. 

8. Brunone, B., Golia, U.M., and Greco, M., “Effects of 
Two-Dimensionality on Pipe Transients Modeling,” 

Journal of Hydraulic Engineering, Vol. 121, No. 12, 
pp. 906-912, 1995. 

9. Bergant, A., Simpsom, A.R., and Vitkovsky, J.P., 
“Developments in Unsteady Pipe Flow Friction 
Modeling,” Journal of Hydraulic Research, Vol. 39, 
No.3, pp.249-257, 2001. 

10. Trikha, A.K, “An Efficient Method for Simulating 
Frequency-Dependent Friction in Transient Liquid 
Flow,” Journal of Fluids Engineering, pp.97-105, 
1975. 

11. Suzuki, K., Taketomi, T., and Sato, S., “Improved 
Zielke's Method of Simulating Frequncy-Dependent 
Friction in Laminar Pipe Flow,” Journal of Fluid 
Engineering, Vol.113, No.4, pp.569-573, 1991. 

12. Ghidaoui, M.S., and Mansour, S., “Efficient 
Treatment of the Vardy-Brown Unsteady Shear in 
Pipe Transients,” Journal of Hydraulic Engineering,
Vol.128, No.1, pp.102-112, 2002. 

13. Pezzinga, G., “Quasi-2D Model for Unsteady Flow 
in pipe Networks,” Journal of Hydraulic 
Engineering, Vol. 125, No.7, pp. 676-685, 1999. 

14. Poll, H., “The Importance of the Unsteady Friction 
Term of the Momentum Equation for Hydraulic 
Transients,” Proceeding of the 21st IAHR Symposium 
on Hydraulic Machinery and Systems, Lausanne, 
September 2002. 

 

 [
 D

O
R

: 2
0.

10
01

.1
.2

25
16

00
.1

38
6.

26
.1

.2
3.

0 
] 

Powered by TCPDF (www.tcpdf.org)

                            10 / 10

https://dor.isc.ac/dor/20.1001.1.2251600.1386.26.1.23.0
http://www.tcpdf.org

