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Abstract: Although studies on RC beams under shear have a history record of more than 100 years, many important 
 

*$�,-'	  **$.�/��01�	 

 [
 D

O
R

: 2
0.

10
01

.1
.2

22
87

69
8.

13
87

.2
7.

2.
6.

2 
] 

 [
 D

ow
nl

oa
de

d 
fr

om
 iu

tjo
ur

na
ls

.iu
t.a

c.
ir

 o
n 

20
24

-0
7-

23
 ]

 

                             1 / 21

https://dorl.net/dor/20.1001.1.22287698.1387.27.2.6.2
https://iutjournals.iut.ac.ir/jcme/article-1-453-fa.html


��� ������	
����� ��������� ���� ��

issues in this context still remain that have evaded attention. The aim of the current study is to study a number of these less 
investigated aspects of the behavior of RC beams under shear. For this purpose, and based on the modified compression field 
theory, a computer program has been written to study the effects of transverse and longitudinal steel reinforcement and shear 
span, a/d, on the behavior of RC beams under shear. The results show that the shear capacity of the beam cannot be increased 
beyond an optimum amount of transverse steel ratio. This paper will try to provide a precise definition of this optimum transverse 
steel ratio. Another finding of the present study is that increasing tensile longitudinal steel ratio increases the amount of the 
optimum transverse steel ratio, while increasing a/d decreases the optimum transverse steel ratio. 
 
Keywords: Reinforced concrete beam, Shear, Modified compression field theory, Optimum transverse steel ratio, Shear  

capacity. 
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ApY�@ �Y,�5	 OY� %YG= �0 ���L=	 D�	 ��� 1Y'	  �Y0 ?	
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����� ��������� ���� ��

�Y�	 �Y��<n' 	<YT �C26  2� @ A1-' A��	 �&'7 �> �2/0�6 .�	

C�G� �L=	 D�	 ���   %&C26 X>�T 23 �> �0 %G�	2= <W2� 1'

%� �R�Y' @ %�2Y3  42Y� �R�Y' �%N<=  42� �R�' �> �	26

�'�5  U�= �> V<> <W2� �<,6 a/d  <0 A��	 �.�Y> ���T D�	  

 �> �%N<� <,6 D�1/~ ��<j6�j��9� <,W�6 �Y�� <Y> XY�	2= D�	 

?�5<,6 ��7 D�> <b O,5	2J V<> �B6 �J	  .��Y�5 �Y0 2Y3

�RT 1� ��,> �%� ;<� A1� m�H	 ?�-� �	1,� ��<S'    2�

 ?�-Y� �	1Y,� ^� @ %--0 �	1,� ^� c�26 D�>   V<> �0

%Y� XY��/� OS/�  2Y� .%�2Y�j� ?�Y5<,6   cY�� ;<Y� DY�	

)/ a / d≤ ≤2 5 6(�Y5<,6 �	 ��Y�  DY�	   �Y&/6 @ A 2Y> :,BH

 1� X,\-6 ?�-� �	1,� �Y�	 OS/� D�>   A.XY,�  D,Y�5 �Y>

 @ %Y�<>  2Y�   cY�� ����� D�	   A1� �_		 %G,GB6 V@

 	   <>�YY0 %�2YY�j� ?�YY5<,6 XYY,GB6 .?�YY5<,6  �YYj>	 D�	<>�YY/>

 �R�' �0 ��	 A1� h�(�'	 ?23 ���T D�	   A1� %�<>

a / d @1YYB�   A	2YY�5 �YY&'7 A1YY��> %�2YY�j� ?�YY5<,6 

)/ a / d< <2 5 6.( �Y> %�<>  2� ?�5<,6 ?	`I�> D,/Z�5

 c�@   i0<��� �> ^� z2H�'�5  A1Y� �Y��<I <S'   <,6 

��	 .X0   V<> l,6<6 D�	 �>�'�5  8Y9�� @ A 2> �>�W V<> 

%� %�<> �0 %'	<B> Y9�' @�E�    2��1Y5	2J �Y> ��Y�=	 

 2> .P@<Y� �	 XRT��Y0 %6�M�9YH	 A �Q�Y�	 ���YT DY�	  

%� %� A 	  m<� <[�(� 23 �> 1'2� 1'2�:

>0(  a�� �4�b��8 �%`@ 

%n�(,�I �	 XRT <I	�A1Y� O,G�6 <,6   %--0 ?�5 42� 

1/YY��>�X\YY� @ a<YY' %n�(,�YYI �YY�	 <�`YYb .�YY��M DYY�	  

 %� F�	i�	 ��&I�' 89��   %--0 ?�&-'<0 F�	i�	 D�	 @ 1/>��

,�I �6 F'<0 8�<�%� ��	 	 <,6 %n�( 1>��.

��
 �4�b��8 

�YSB�   <I	 %n�(,�YI �A1-Y' O,G�Y6 %-Y-0 ?�Y5 42� 

1/��> ,��	 %'�&I�' @  <6 %n�(,�I .�@1Y> %9�	<Y� D,Y/~  

%� ��(,�I %'�&I�' 23 �> <,6  2�  ��� �&G\� <,,w6 �\/�	  2�.

�(�� �4�b��8 

A1Y� m�H	 ?�-� �	1,� ?<S' c>	@ �Z'�/~ XT	1YM  

 ��4 �	 %\� 2-' 	<T<> <,6 %/�> ?�5)	<YT<> ?����5 @ � �j6

1��R'(���	 %�<> %n�(,�I .%Y� � %'�Y�� c�	<� D�	 1Y5 

 XY>�T 2Y3 �Y> D�>   V<> �	 %��' %GH	 %--0 ?�&-'<0 �0

1/��> A1� �i> %&C26.

�,/A �4�b��8 

D�>   %GH	 ?�-� F'<0 <I	)%GYH	 ?�-Y� F/Y6 ��   

D�> (D�Y> ?1YM F'<Y0 �>)D�Y> ?�-Y� �Y�@��� �Y� (1Y�<>�

��	 %-�J %n�(,�I .%Y� � %'��� %n�(,�I  2� D�	 1Y5 

1��> A1� �i> %&C26 X>�T 23 �> %'	<B> 89��   F�J �0 .

M7?7���	
��
 �	��� �� ���� ���� ���� 

	1�>	 2S/� D�	 �><,W�6 DY�	 �Y��   %YN<=  42� �R�' 

?�Y5<,6 D��<I <S'   �> 	 ��L=	B1�B2�B3�B4@B5 2Y� 

%� 	<T %�<> O,5  .?�Y5<,6 %\,'�Y\� @ %Y�1/5 z�[Y(-�

   20`�X\�)��(��	 A1� �_		 . %YN<=  42Y� �R�'

 <Y>	<> lY,6<6 �Y> @ A 2Y> <,w�� �5<,6 D�	kk�
x/k�kk���/k�

,kk
#�/k�kk���/k@kk#/k��	 .

�Q��	 �> �	 A ���'<> SMAFI �YZ(��6 �<Y,6 |/Yb ?	`YI�> 

%Y� D,,j6 	 20`� O,Y/0 . X\Y�)�o(?�Y526��7 F'<Y0

 %Y�<> ?@<Y,' l�YM <> %'	<B> 89�� P�Q6	 c�@   %N<=

 �Y��<I 	<YT ��Y����  2� @ A1� O� �5<,6 D�	 �> A1� ���=	

 ��	)X\Y�   1Y/~ <Y5 �Y0  <0 �C26 ��\' D�	 �> 1��>)�o(

0A1Y�  �YE�	 %Y�<> ?@<,' l�M <> %N<= ?�526��7 F'<

  �'�5  �&-Y'<0 DY�	 �Y�,�M   %Y�@ ���	 A1� O� V<> 

26 <W	 XH�M	%Y'	<B> 8Y9��   %-Y�J <n/� @ %�<> ?@<,' a

��	 .(%� A15�-� X\� D�	 �> �C26 �> <,6 �0  2�B1�R�' �> 

%N<=  42�kk�
x/ksρ =2YH �> ��Y> @ %'�Y&I�' @  <Y6 z

%� ��(,�I %�<> %n�(,�I  2�  2Y� .<Y,6  B2�R�Y' �Y0 

<Y,6 �> ������   �7   %N<=  42�B1��Y�	 �Y���� F�	iY�	 
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��� ������	
����� ��������� ���� ��

310
mm

����
����

1050  mm 1050  mm

s
150  mm

 
h=350 mm    ;   Es=200 GPa 

: 3φ18                                                �
� �
����	
��
: 4φ20������ ��
� �
� 

: 30 MPa ��� ����� ������ )cf ′(
: 400 MPa �
� � !"� #$� )yf(

>0(?G7�	���
 �0��	0�  ��'1� c	db,� B13B23B33B4B5

0

20

40

60

80

100

120

140

160

0 500 1000 1500 2000 2500

(Microstrain)  ���� ���� ����

(k
N

)�
��

�
��
��

B1
B2
B3
B4
B5

(ρs= 0.00126)
(ρs= 0.00188)
(ρs= 0.00251)
(ρs= 0.00377)
(ρs= 0.005)

 :&'�( ") 
�
&��� �� &'�( ") :B1

&��� �� &'�( ") :B2

&��� �� &'�( ") :B3

&��� *�� &'�( ") :B4

&��� *�� &'�( ") :B5

>0(?M7eb%�	
 ��	���
 ��"`8�	� B1 3B2 3B3 3B4 B5 

i�	 %&C26 X>�T 23 �> <,6 %�<> �,�<y ?1Y'@ �Y> @ ����� F�	

 <,6 �>�-�B1%Y� ��(,�I %�<>  <6 %n�(,�I  2� �>  2Y� .DY�	

 <,6  2�   �G���B3��	 � �H i,' . 42� �R�' �0 <,6 D�	  

 <,6 �> ������   �7   %N<=B2�Y,�<y ��Y�	 �Y���� F�	iY�	 

%� F�	i�	 i,' %�<> %�<>  <6 %n�(,�I  2� �> ���&'   @ 1>��

 �~  %� %n�(,�I  2� .<,6   ��	B4  %N<=  42� �R�' �0 

<,6 �> ������   �7B3  z@�YQ�� %9�	<Y� ��Y�	 ����� F�	i�	 

%�  �E�	 %GRT ?�5<,6 �> ������  2� .F�	iY�	 �G= �> <,6 D�	  

 <,6 �> ������   %N<=  42� �R�'B3F�	iY�	 <,6 �,�<y 	1�>	 �

,�<y F�	i�	 D�	 %�@ ����� %Y�' ��	 	 �O,G�Y6 �YG= �Y> @ 1Y>��

 ����� F�	i�	 %&C26 X>�T 23 �> �&G\� <,,w6 �%�23 ?�526��7

 %Y� ��(,�YI %Y�<> %n�(,�YI <W	   <,6 ���&'   @ 2Y� .�Y> 

:���� �
� 
B1: 0.00126   (φ6@300 mm) 
B2: 0.00188   (φ6@200 mm) 
B3: 0.00251   (φ6@150 mm) 
B4: 0.00377   (φ6@100 mm) 
B5: 0.005       (φ6@75 mm) 
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��� ������	
����� ��������� ���� �)

310
mm

����
����

1050  mm 1050  mm

s

ρρρρ

ρρρρ

150  mm

 
350 MPa                                                       h=350 mm                                                                      cf ′ =
400 MPa                                                      Es=200 GPa                                                                   yf =

0.0226′ρ =0.0565                                                           bρ =

>0(?P7��
 �0��	0�  ��'1� c	db,� B6

�\/�	 �	 F,> �%N<=  42� �R�' F�	i�	 <,6 D�	   <n�  z�R=

 F�	iYY�	 lYYC2� � 2YY� <YY,6 %YY�<> �YY,�<y F�	iYY�	 lYYC2�

X\� <�`b %� ? 2� . <�	 D�	 X,�  %� 	D�	 �	26 �0  <0 ��,> �'2I

 ���5 �%N<=  42� �R�' F�	i�	 �> X\Y�   �0 �'2I)�o(iY,' 

?�&-Y'<0 �YE,�'   @ �Y���� F�	iY�	 <Y,6 %�(� ���	 v(-�

 %� F5�0 %N<= 1/>�� .%n�(,�I �<,6   %N<= F'<0 F5�0 �>

 %�23 ?�526��7 X,�  D,�5 �> @  ���	 15	2J U�2j6 �> <,6 %�<>

H<� %� �1� O,G�6 �1Y/>�� .<Y,6   c�	<Y� DY�	B5XY>�T iY,' 

��	 A15�-� .�> ������   %N<=  42� �R�' F�	i�	 <,6 D�	  

 <,6B4�R�<�6 �Y\G> t�Y�	 A <Y\'  �YE�	 	 %Y�,�<y F�	i�	 },5 

F�	i�	 lC2�X\� <�`Yb <Y,6 ?B5�Y5<,6 <��Y� �Y> ��Y����   

%�  2� .� lG9� D�	2Y0 ��	 ��\' D�	 1� F�	iY�	 �Y> A	2Y�5 �

O,5	2Y(' <Y,6 %�<> �,�<y F�	i�	 �>  �T �%N<=  42� �R�'

 2> .?�5<,6   <n�  z�R= �> �Y�7 D�Y> ?	<Y> �Y/,&> ?	1Y�� �

%� ���� %N<=  42� �R�'  42Y� �R�Y' F�	iY�	 �Y> �Y0  2�

 15	2(' F�	i�	 <,6 %�<> �,�<y ��/,&> 	1�� D�	 �	 F,> %N<=

���� .	 �6 �Z'7 �Y�' �Y>  �/��	 �> @ �GM<� D� %Y�<> �	 XYH�M |�

 �'�I |/b ?�5<,6 %� �2� 	1Y�� �0 ��	 D�	  <0 ��,> �	26 �Y/,&> 

  F/Y6 �7 ?	�	 �Y> �Y0 �Y�	 ?	1Y�� XT	1YM �%YN<=  42�

 1�<> O,G�6 1M �> %�23 ?�526��7 .	1�� <n�  z�R= �>�/,&> 

�7 ?	�	 �> �0 ��	 ?	1�� XT	1M �%N<=  42� %n�(,�I  2� 

@ a<' %n�(,�I �> %�<>  <6 %n�(,�I �	 <,6X\� <�`Yb <Y,,w6 

1>�� .�%Y�<> ��2�6 �	i,� �> �R�' <,6 �,���M �0 ��	 %&�1>

 �B6 z1� �><,W�6 �R�Y' @ %�2Y3  42� �R�' X,RT �	 %G�	2= 

a / d��	 <,6 .%Y�<> �Y> �Y�	 	   X,�  D,�5 �> <,W�Y6 �R�Y' 

��R�' @ %�23  42a / d?�5<,6 ���   <,6 �Y�7 D�> �YB6 

�R�' ��<j6 @ A 	  F�	i�	 �/,�� D�	   	  2J z�=�3	 �V<>

�/,&> 	  O,5	2J O,�j6 	 %N<=  42� .

M7E7���_� ���_�  ���_� ���_� ���_� >�	=�� ��" 

��
 �	��� �� ���� 

�3	 F�	i�	 2S/� �>?�Y5<,6 ��� q2[J    2J z�=

 ��7 D�> �R�Y' z@�YQ�� <� �Y�� D��<I <S'   �> �V<> �B6 

<,6   %N<=  42� �R�' @ %�23  42�B6	 <Y,6 DY�	 ��� �

%� 	<T %�<>  2� O,5 .

<,6B6<YS'   <Y,w�� %--0  42� @ �>�W ?�-�  42� �> 	 

%� O�<,I .%N<=  42� �R�' D,/Z�5 A 2Y> <,w�� <,6 D�	   i,'

 <� �Y�� <>	<> @kk���/k�kk
#�/k�kk���/k@kk#/k2YS/� 

%�  2� . <,6 D�	 z�[(-� <���X\� )�#(�Y�	 A1� �_		 .

<YYY>	<> 	 <YYY,6 DYYY�	   ?�-YYY�  42YYY� 	1YYY�� k

x/k′ρ =
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��� ������	
����� ��������� ���� ��

B'f?7��
 >�: 
 !" >+	V W%	�� B63)���� 	� US=���L�� �,,; ����  ��	� ��	,� (3)b0.4′ρ = ρ(

kk#/ksρ =kk���/ksρ =kk
#�/ksρ =kk���/ksρ =

 2�

%n�(,�I*
%�<> �,�<y

(kN) 

 2�

%n�(,�I*
> �,�<y %�<

(kN) 

 2�

%n�(,�I*
%�<> �,�<y

(kN) 

 2�

%n�(,�I*
%�<> �,�<y

(kN) 
b/ρ ρ

D.F. ��/#xD.F. �#/##D.F. ��/#oD.S. xo/#o
/k

D.S. ��/�k� D.S. ��/ddD.S. 
o/dxD.S. o�/doo/k

D.S. �o
 D.S. �
/��� B.S. ��k B.S. 
x/��� x/k

B.S. �o/��� B.S. 
x/�#d B.S. �/��# B.S. xo/�

 �/k

B.S. ��/��o B.S. 
x/�xo B.S. �o/��d B.S. 
#/�
x �

B.S. x
/��d B.S. �d/�x� B.S. �
/�o� B.S. ��/�
� 
/�

B.S. 
#/�d� B.S. �o/�x� B.S. #/�o# B.S. #/��� o/�
*D.S. :%�<> a<'�D.F. :%-�J a<'�B.S. :%�<>  <6 

0

50

100

150

200

250
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��
��

shear reinforcement ratio= 0.00188
shear reinforcement ratio= 0.00251
shear reinforcement ratio= 0.00377
shear reinforcement ratio= 0.005

bρρρρρρρρ /

bρρ 4.0=′

>0(?R7 ���� ���� ���� >�	=�� ��" ��
 �� ���� ���� ����B6)��L�� �,,; ����  ��	� ��	,� ���� 	� US=�(3)b0.4′ρ = ρ(

%� ;<� O,/0 .<Y>	<> 8Y9�� ��	2��  42� �R�' z2H D�	  

k#x#/kbρ = 2> 15	2J )b0.4′ρ = ρ.( 

 �@1C)�(,�YI  2� @ %�<> �,�<y <Y,6 %n�(B6�Y> 

%-Y-0  42� �R�' @ %N<=  42� �R�' �G�(� <� ��� ?	�	

 ��	 A1� �_		 .D,/Z�5X\�)�x(�@1C D�	 |���' .��	 <>

 ��	 A1� O,S/6 @ �,&6 .z�C1Y/�   �T  @ X\� �> �C26 �>

%YY� A15�-YY� ��@1YYC %�2YY3  42YY� �R�YY' ?	�	 �YY> �YY0  2YY�

b0.2ρ = ρF�	i�	 �>  %�2�YB� <,,w6 �%N<=  42� �R�'

 �Y�	 A1-Y'  �E�	 <,6 %�<> �,�<y .�R�Y' �	 	1Y�� DY�	  

 %�2YY3  42YY�)b0.2ρ = ρ(%YYN<=  42YY� �R�YY' ?	�	 �YY> @

kk���/ksρ =@ a<YY' %n�(,�YYI P2YY' �	 <YY,6 %n�(,�YYI 

X\� <�`b ��	 %�<> .%��M   � <��� ?	�	 �> �0�R�Y' <� �Y�

 %YYYYYYYN<=  42YYYYYYY�)kk
#�/ksρ =�kk���/ksρ =@

kk#/ksρ =(@ a<' %n�(,�I P2' �	 <,6 %n�(,�IX\�<�`b 

��	 %-�J . 2Y�   A1Y� �Y�QI lY��9� X,�\6   D�	<>�/> 
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��� ������	
����� ��������� ���� ��

310
mm

����
����

1050  mm 1050  mm

s

ρρρρ

150 mm

 
30 MPa    ;     Es=200 GPa              cf ′ = 0′ρ =400 MPa     ;     yf = 0.0339bρ =

>0(?T7��
 �0��	0�  ��'1� c	db,� B7

B'fE7��
 >�: 
 !" >+	V W%	�� B73)��L�� �,,; ���� 	�  ��	,� ���� -'� US=�(3)0′ρ =(

kk#/ksρ =kk���/ksρ =kk
#�/ksρ =kk���/ksρ =

 2�

%n�(,�I*
%�<> �,�<y

(kN) 

 2�

%n�(,�I*
%�<> �,�<y

(kN) 

 2�

%n�(,�I*
> �,�<y %�<

(kN) 

 2�

%n�(,�I*
%�<> �,�<y

(kN) 
b/ρ ρ

D.F. o/��D.F. �� D.S. �� D.S. x�/�x
/k

D.F. xx D.F. 
�/x#D.F. xo D.F. o�/x�o/k

D.F. 
�/d�D.F. 
�/dkD.F. o/��D.S. o/��x/k

D.F. o/��o D.F. 
�/��� D.F. ��/��k D.S. 
�/�kd �/k

D.F. ��/��o D.F. x�/��� D.S. �o/��k B.S. o/�
# �

B.F. �d/�oo B.F. �o/�oo B.S. �o� B.S. �
d 
/�

B.F. �o� B.F. �o/�o� B.S. ��/�ox B.S. �
/��� o/�
*D.S. :%�<> a<'�D.F. :%-�J a<'�B.S. :%�<>  <6�B.F. :%-�J  <6.

�R�' �Y/,&> %Y� �%YN<=  42Y� �YZ'�/~ �Y0  <Y0 ��Y,> �	2Y6

 @ a<' <,6 %n�(,�IX\� <�`b �Y� %-Y�J �> �C26 �@1> �1��> 

�Y>  �YT %N<=  42� �R�' F�	i�	 �> �%n�(,�I � 2> %�<>

  2Y> O,5	2(' <,6 %�<> �,�<y F�	i�	 .<� �Y�� <��Y� ?	�	 �Y>

 %� A15�-� i,' %�23  42� �R�' %n�(,�I �0 %�	 �� �0  2�

 @ a<' <,6X\� <�`b �Y,�<y %N<=  42� �R�' F�	i�	 �> A 2> 

%�<>��	 ����,' F�	i�	 <,6.

A @1B�   z�=�3	 � @7 ��  �> 2S/� �> @ <�j,�@ ?	

 �R�' �	 %��&' @ X��0 ��<j6 ��,>�/,&> <Y,6 �%YN<=  42� B7

%� 	<T %�<>  2� 	 O,5  .<Y,6 DY�	   ?�-Y�  42� �R�'

 <Y,6 DY�	   %YN<=  42Y� @ %--0  42� �R�' @ <QH <>	<>

 ��	 <,w�� .��� <,6 %\,'�\� @ %�1/5 z�[(-� <B7  X\Y� 

)��(��	 A1� �_		 .<Y,6 DY�	   ��	2Y��  42Y� �R�' D,/Z�5

 <>	<>k��d/kbρ =��	 . �@1C)
( 2Y� @ %Y�<> �Y,�<y

 	�	 �> <,6 D�	 %n�(,�I?@ %-Y-0  42� �R�' �G�(� <� ��� 

�Y�	 A1Y� �_		 %N<=  42� �R�' .,Y/Z�5 DX\Y�)��(<Y>

 �Y�	 A1Y� O,YS/6 @ �Y,&6 �@1C D�	 |���' .��	 .�@1YC   @

%� A15�-� 20`� X\� �R�Y' �	 ?<� �Y�� ?	�	 �Y> �Y0  2Y� 
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shear reinforcement ratio= 0.00188
shear reinforcement ratio= 0.00251
shear reinforcement ratio= 0.00377
shear reinforcement ratio= 0.005

bρρρρρρρρ /

>0(?C7��
 �� ���� ���� ����  ���� ���� ���� >�	=�� ��" B7)��L�� �,,; ���� 	�  ��	,� ���� -'� US=�(3)0′ρ =(

@ a<Y' <Y,6 %n�(,�YI �Y0 %YN<=  42� �R�' @ %�23  42�

X\� <�`b ��	 A 2> )� 2Y> %Y�<> �Y� %-Y�J �Y> �C26 �@1>

%n�(,�I(<Y,6 %Y�<> �,�<y �%N<=  42� �R�' F�	i�	 �> �

��	 ����,' F�	i�	)�/kb/≤ ρ ρ ≤
/k(lG9� D�	 �0 t�6?1,�

  �GM<� D�	 �6 A1� <0s l��9� <> �R�' q2[J �/,&>  42� 

��	 %N<= .�@1C �> �C26 �> ��	)
(%�@ %��&' ��<j6 �	26

 �R�' X��0�/,&> <0 ��,> 	 %N<=  42� .

%� A15�-� �@1C D�	   ?	�	 �> �0  2�
/�b/ρ ρ =�Y> �

�	 %YYYN<=  42YYY� �R�YYY' F�	iYYY�	kk
#�/ksρ =�YYY6 

kk���/ksρ =�	 @kk���/ksρ =�6 kk#/ksρ = 2YC@ �> �

F�	iY�	 },Y5 %Y�@ ��Y�	 %'�Y&I�' @  <6 <,6 %n�(,�I �\/�	

 %�'  �E�	 <,6   %�,�<y  2� . 2�   �G��� D�	o/�b/ρ ρ =

��	 A15�-� X>�T i,' .�	 X,�  <Y,6 %-�J  <6 %n�(,�I �<�	 D

�	 A @1YB� D�	  b/ρ ρ�Y�	 .�RYT �YZ'�/~ �Y0 1Y� <Y0s 

%n�(,�I P2' �	 <,6 %n�(,�I X\Y� <�`Yb �Y> �1Y��> %-Y�J 

1Y5	2(' F�	iY�	 <,6 %�<> �,�<y %N<=  42� �R�' F�	i�	

���� .%� �2/0	  <Y6 %n�(,�I  2�  2�   	 lG9� D�	 �	26

�J  	  O,�j6 i,' %- .%� D�	<>�/> D�	 �	26 �Y0  <Y0 ��Y,> �Y'2I

 1Y��> %-Y�J %n�(,�I P2' �	 <,6 %n�(,�I �Z'�/~)�@1Y>

 ��  <6 �> �C26X\�<�`b %n�(,�I � 2> (�R�Y' F�	iY�	 �Y> �

 2Y> O,5	2Y(' <Y,6 %�<> �,�<y F�	i�	 �>  �T %N<=  42� .

T D�	 �6 A1� <0s l��9� �> �C26 �> D�	<>�/> �>  �/��	 �> @ ���

 �@	1C   A1� �_		 |���')�(@)
(?�&G\Y� @)�o(�)�x(@

)��(%��R�' 8��C @ X��0 ��<j6 �	26�/,&> 	 %N<=  42� 

 <0 ��,> z2H D�	 �>:

�R�'�/,&> ?	�	 �Y> �0 ��	 ?	1�� XT	1M �%N<=  42� 

Y� �Y� @ 1Y�<> O,G�Y6 1M �> %--0 ?�526��7   F/6 �7  2

 %-Y�J %n�(,�YI �Y> %Y�<>  <6 %n�(,�I �	 <,6 %n�(,�I

 1>�� <,,w6 .<,6 %n�(,�I <I	 �<�&> z�R= �> X\Y� <�`Yb 1Y��> 

)%n�(,�YI � 2> %�<> �� %-�J �> �C26 �@1>(F�	iY�	 �Y> �

%Y�' F�	i�	 %�<> �,�<y %N<=  42� �R�' D,Y/Z�5 t1Y>��

 1��> %-�J %n�(,�I P2' �	 <,6 %n�(,�I <I	)@1> �YC26 �

��  <6 �>X\� <�`b %n�(,�I � 2> ( 42Y� �R�Y' F�	iY�	 �> �

���� 15	2(' F�	i�	 <,6 %�<> �,�<y %N<=.

�R�' ?	<> A1� �_		 ��<j6 �> U>�9� D�	<>�/> �Y/,&>  42Y� 

�@	1C �> �C26 �> @ %N<=)�(@)
(?�&G\Y� @)�o(�)�x(

@)��(%Y� %62YH   �Y&/6 �0 ��	 :N	@ Y> �	2Y6 F�	iY�	 �

 2Y� �Y0  	  F�	iY�	 	 <,6 %�<> �,�<y �%N<=  42� �R�'

 1Y��> %Y�<>  <Y6 %n�(,�I P2' �	 <,6 %n�(,�I .�@	1YC  

)�(@)
(�Y�	 A15�-� X>�T m2N@ �> lG9� D�	 .�	2Y/= �Y>
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��� ������	
����� ��������� ���� �*

X\�   ����)�x(�Y> �2Y><� 	 2�'   @kk���/ksρ =  

A @1B� #/kb/ρ ρ >�Y> @ t�Y�	 %Y�<>  <Y6 <,6 %n�(,�I 

A @1YB� DY�	   c�� X,�  D,�5)#/kb/ρ ρ >(%Y� �Y> �	2Y6

  	  F�	i�	 	 <,6 %�<> �,�<y %N<=  42� �R�' F�	i�	)�Y>

 �@1YYC �YY> �YYC26)�(%YY� A15�-YY�  �YY0  2YY�A @1YYB� 

x/kb/< ρ ρ <o/k%n�(,�YYI  2YY� @ a<YY' %n�(,�YYI �	 <YY,6 

X\� <�`b ��	 ����� <,,w6 %'�&I�' @  <6 %n�(,�I �>.�E/�	  

   %YYR�<�6 2YY3 �YY> � 2YY� <YY,,w6 DYY�	 �YY0 �YY�	 A1YY� ;<YY�

#/kb/ρ ρ =��	 A ���	 ��Q6	 .(�R�' �Z'�/~ �<�&> z�R= �>

 <Y,6   %YN<=  42�B6<Y>	<> kk���/ksρ =  �Y&/6 �1Y��> 

%� %62H %Y�<> �Y,�<y %YN<=  42� �R�' F�	i�	 �> �	26

 �	 <Y�Ii> �8Y9�� %-Y-0  42Y� �R�Y' �Y0  	  F�	i�	 	 <,6

bρ#/k1YYY��> .�YYY> �2YYY><� 	 2YYY�'   �>�-YYY� 2YYY3 �YYY>

kk
#�/ksρ =  A @1B� x/kb/ρ ρ >��> �2><� 	 2�'  

kk���/ksρ =  A @1B� �/kb/ρ ρ >�2Y><� 	 2�'   @

�>kk#/ksρ =  A @1YB� �/kb/ρ ρ >�R�Y' F�	iY�	 �Y> �

 2> O,5	2J <,6 %�<> �,�<y F�	i�	 �>  �T %N<=  42�.

���' .��	<> �@	1YC |)�(@)
(?�&G\Y� @)�x(@)��(

%� �R�' �0  <0 �41��	 �	26 �Y/,&> z1Y� �Y> %YN<=  42Y� 

�B6<,W�6 ��	 89�� %--0  42� �R�' .�Y> ��Y�� �	2Y/= �Y>

 X\� �> �C26)�x(<Y,6   �Y0 ��	 v(-�B6�R�Y' <YI	 

�	 <YY��0 8YY9�� %-YY-0  42YY�bρ#/k1YY��> )#/kb/ρ ρ <(�

�R�'�/,&> �	 <��0 %N<=  42� kk���/ksρ = 2> 15	2J .@

D,> 89�� %--0  42� �R�' �0 %62H  bρ#/k@bρx/k

1YY��>)x/kb/< ρ ρ <#/k(�R�YY' ��YY/,&> D,YY> %YYN<=  42YY� 

kk���/ksρ =@kk
#�/ksρ = 2> 15	2J . 42� �R�' <I	

 D,YYYYYY> 8YYYYYY9�� %-YYYYYY-0bρx/k@bρ�/k1YYYYYY��> 

)�/k<< bρρ /x/k(�R�YYY' ��YYY/,&> D,YYY> %YYYN<=  42YYY� 

kk
#�/k=sρ@kk���/k=sρ��	 . 42Y� �R�Y' �Z'�/~

 D,YYYYYY> 8YYYYYY9�� %-YYYYYY-0bρ�/k@bρ�/k1YYYYYY��> 

)�/kb/< ρ ρ <�/k(�R�YYY' ��YYY/,&> D,YYY> %YYYN<=  42YYY� 

kk���/ksρ =@kk#/ksρ =2Y> 15	2J �Y0 %62YH   @  

�	 F,YYY> 8YYY9�� %-YYY-0  42YYY� �R�YYY'bρ�/k1YYY��> 

)�/kb/ρ ρ >(�R�' ��/,&> �	 F,> %N<=  42� kk#/ksρ =

 2> 15	2J .A1Y� ��Y,>  @1YM �Y0 ��	 ?@<N ��\' D�	 <0s

���0 %R�<�6 � <0 v(-� 2S/� �> c�� @ 1'	 %n'2n~ <,W�Y6 

�R�'   %�23  42� �R�'�/,&> A1Y� ��Y,> %N<=  42� 1Y'	 .

 2Y� @ %Y�<> �Y,�<y %��Y��> � @1YM DY�	 UY,T  D,,j6 ?	<>

  42Y� �R�Y' ^Y~20 %YG,J z	<Y,,w6 ?	�	 �Y> <,6 %n�(,�I

 6 %N<=  42� �R�' @ %�23 �Y�,T  l,6<6 D�	 �> @ t1'2� D,,j 

v(-� <,6 %n�(,�I  2� <,,w6 ���'1'2� .l��9� �> �C26 �>

 �	i,� �A1� <0s<,W�6 �R�'   %--0  42� �R�' �/,&>  42Y� 

�Y�	 A15�-Y� X>�T m2N@ �> %N<= .DY�	 <,W�Y6 %Y� 	 �	2Y6

D�	 %--0  42� �R�' F�	i�	 �> %G0 23 �> �0  <0 ��,> �'2I

 �R�' �89���/,&> ���� 15	2J F�	i�	 %N<=  42� .D,Y/Z�5

 ������ �> G\Y� ?�&)�x(@)��(�<,W�Y6 ?�-Y�  42Y� �R�Y' 

�R�'   89���/,&>   �Y0 t�Y�	 A15�-Y� X>�T %N<=  42� 

%� <S' {<H �7 �> D�J	 <b �	 ��E� D�	 O,/0.

��\' �@	1YC �Y>  �/��	 �> �0 ?<n�  )�(@)
(?�&G\Y� @

)�x(@)��(%�� <0 ��,> �	26<,W�6 8Y9�� %--0  42� �R�' 

�,�<y   ��	 <,6 %�<> .A15�-Y� �&G\Y� @ �@	1YC DY�	  

%� %� %62H   c�� �0  2�  42Y� �R�Y' F�	iY�	 �Y> �	2Y6

 <,6 %n�(,�I �0  	  F�	i�	 	 <,6 %�<> �,�<y 89�� %--0

 @ a<'X\� <�`b 1��> .X\�   ���� �	2/= �>)�x(	 2�'   @

�Y> �2><�kk���/ksρ =%Y� A15�-Y�  �Y0  2Y� A @1YB� 

o/kb/< ρ ρ <
/k<,6 %n�(,�I �0X\� <�`b �Y> �Y�	 A 2Y> 

2Y3 �Y> <Y,6 %�<> �,�<y �89�� %--0  42� �R�' F�	i�	

 �YY�	 �YY���� F�	iYY�	 %&C2YY6 XYY>�T . g�YY�A @1YYB� 

x/kb/< ρ ρ <o/k%n�(,�I �	 <,6 %n�(,�I  2� X\�<�`Yb 

(,�I �> %�<> �	i,� X,�  D,�5 �> @ ����� <,,w6 %�<>  <6 %n�

 %�<> �,�<y F�	i�	)	 2�' l,� (F5�Y0 A @1YB� DY�	  

 ��	 ����� . @A @1B� x/kb/ρ ρ >�	 <Y,6 %n�(,�YI  2� 

F�	iY�	 �Y> XY,�  D,Y�5 �Y> @ t��	 %�<>  <6 %n�(,�I P2'

�YYB� <YY,,w6 �A @1YYB� DYY�	   %-YY-0  42YY� �R�YY'   %�2 
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��� ������	
����� ��������� ���� ��

310
mm

����
����

a a

s 150  mm

 
h=350 mm   ;   d= 310 mm   ;   Es=200 GPa 

: 3φ18%'�T2� %�23  42� 

: 4φ20%'��B6 %�23  42� 

30 MPa   ;   fy= 400 MPa'
cf =

a/d= 2.5, 3.0, 3.5 and 4.0 

>0(?D7��
 �0��	0�  ��'1� c	db,� B8

�Y�	 A1-Y'  �YE�	 <Y,6 %Y�<> �,�<y .2�'   �Y> �2Y><� ?�Y5	 

kk
#�/ksρ =�kk���/ksρ =@kk#/ksρ =lYYG9� DYY�	 iYY,' 

?23 �> t��	 A15�-� X>�T A @1B�   �0 @ a<Y' <Y,6 �Y�� �Y0 ?	

X\� <�̀ b ��	 )%-Y�J �Y� %Y�<> %n�(,�YI �Y> �C26 �@1>(�Y> �

-0  42� �R�' F�	i�	 %&C2Y6 XY>�T 2Y3 �Y> %Y�<> �Y,�<y %-

 A @1B�   @ ������ F�	i�	 A 2Y> %'�Y&I�' @  <6 <,6 %n�(,�I �0 ?	

 ��	)%-�J �� %�<> %n�(,�I �> �C26 �@1>(�R�Y' F�	iY�	 �> �

%Y�' A15�-Y� %�<> �,�<y   %�2�B� <,,w6 %--0  42�  2Y� .

D�	 	 lG9� D�	 X,�  %� �'2I YB�   �Y0  <Y0 ��,> �	26A @1 �Y0 ?	

 <,6 %n�(,�I X\Y� <�̀ Yb O,G�Y6 %n�(,�YI %GYH	 XY��= ��Y�	 

�Y��&G\� <Y,,w6 F�	iY�	 @ %�23 ?�526��7 .�Y> XY,�  D,Y�5 �Y>

 %&C2Y6 XY>�T 2Y3 �Y> %Y�<> �Y,�<y %�2Y3  42� �R�' F�	i�	

%YY� F�	iYY�	 1YY>�� .A @1YYB�   �YY0 �YY�	 %9�	<YY�   DYY�	 �YY0 ?	

 F/Y6 ��Y�	 %'�&I�' @  <6 <,6 %n�(,�I   %�2Y3 ?�Y526��7   

F�	iY�	 �Y> �Y&C D,�5 �> @ A1,�<' O,G�6 F/6 �> %n�(,�I ����

1� 15	2('  �E�	 %�<> �,�<y   ?<,,w6 %�23  42� �R�'.

M7G7���� >�	=�� ��" a / d�� �_��� ���� ���� 

��
 �	��� 

�R�' �\/�	 �> OG= �>a / d@ O&� X�	2= �	 %\� <,6 <,W�Y6 

%� V<> �B6 ?�5<,6 ���   	`I �Y> ���YT DY�	   �1��>

�j��9� %n'2n~ <,W�6   ApY�@ �Y> @ <Y,6 �Y��   XY��= DY�	 

�R�'�/,&> �J	 <b O,5	2J %N<=  42� .<,6 2S/� D�	 �>B8

%� 	<T %�<>  2� 	 O,5  .<,6 %�1/5 @ %\,'�\� z�[(-�

20`�   X\�)�d(��	 A1� �_		 .?	�	 �Y> <Y,6 DY�	 �Y��

 �R�' �G�(� <� ���a / d%�<>  2� %N<=  42� �R�' @

  %Y�<> DY�	 |��Y�' @ ���<I 	<T �@1YC)�(@X\Y�)
k(

��	 A1� �H�J .A15�-Y� �20`Y� �@1C @ X\� �> �C26 �>
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