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Study on the Dynamic Response of Single and Multi-Spans Beam
Subjected to the Base Excitation Using Time Weighted Residual Method

M. Sadeghi and B. Movahedian Attar”
Department of Civil Engineering, Isfahan University of Technology, Isfahan, Iran.

Abstract: Accurate determination of the response of structures under dynamic loads such as earthquake loads plays an
important role in the safe and economical design of structures. The purpose of this paper is to utilize a novel solution method
based on the use of exponential basis functions for dynamic analysis of Bernoulli beam subjected to different types of base
excitations. This method was firstly introduced for solving scalar wave propagation problems, named as stepwise time-weighted
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residual method. The proposed method considers the solution as a series of exponential basis functions with unknown constant
coefficients; and the problem is solved in time without the need for spatial discretization of the beam and by using an appropriate
recursive relation to correct the coefficients of the exponential bases. In order to apply the earthquake excitation, first by using
the central finite difference relation, the earthquake acceleration history is converted to displacement history. Moreover, the
displacement history is applied to the beam as a time-varying boundary condition. In this study, the capabilities of the proposed
method in solving several sample problems of vibration of single and multi-span beams under various stimuli such as earthquake
acceleration variations are compared with the results of other existing methods.

Keywords: Euler-Bernoulli beam, Time weighted residual method, Exponential basis functions, Earthquake base excitation.

e o g5
M5 O i b w(x,1) m' ol A
G5 b W(r) o T e Ch

m S i X N/m' iV J gk
ol aled by 3 X e o 98 ol F
el ol ks 3t e Bi m" el Oles [
kg/m' S P e K
S S ey oS e el € m s dJsb L
SeC ¢ sl flf SlAde At b sl sl M
e m e a5 26 AWG(X,T) s sis ebledl iy 53 Sles o3l sl N
SeC ¢ Sloj e t
S5 3 Sosee S D B S B sy S s asdie —\

Ly A S
g sl Plas = sl iy S el S 02
03 e sl B a5 4 Ol SO s
ol ednl gl e e Ol 03 53 5 el 0 5>
Jos ile cnbe Las G dlasl alas 05 sba s
J= o s S bl Gleg ane pan B b WY
Lo ods cnbe 2oy SO L (s e i Jodl hs dalas
Shealil L s el ol e i 5 opl ol Lo
ol S50 Olej 03w el w3 b LY e S LS
(Dllos w3 153 es OOLAT ) Sl esliad s 5d e
L b oK s sl bl o U Bls > 0LSGl
IA] o 5 oS Sladllan S e el o s Sk
DYSIWTOLLL 5 s Vo 58] oS 5 5l

Vfoo QL'LWJUA O)LQ.V:‘I z\c° JLw cmw@.o DL ésv\.& Lgl.hu;:})

Jed S gdana 35l 5e 5ol S e o nesl sy e
wlakd b d 5ol e s sl o glafy Hb
Sl 5525 U ol 51 a5l 3,008 s bileglsn copeile
5 Laosl Seoliys Ly s 6l 1940 U 5l gles 28
5 oS DTl el ool sl SS sl o Jlis
S5 Sl Gy o 4 VAV L s 55 [Y] O Sen
5 33 aalsl 3 Ulatls  dman G o Co ls S
ol el cos Jgn 5 Seelus meh [F 5 YT 0L
5 0L a0 S 3,50 s s DL iy | b K
N3 e SO 5 Jlsge BT g S eslinad L [0 01,1Sen
S5Sl 5 JonS 50 503 Jom ) 2SS S i o
A S o bl S o A S et 7]
GH)L.:;;\Mngb}a};UT Doy sl eslizad L [V]



http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

<

>

(o8 e 53 K)) 2B K pu Sl cow Lo - K

5 ST sl pll (Salis b s jle w5800
St ALTOSS Cline Gl o glila wilas L
S el e s i 3 el 35l BB 33
ador Sl cidie a0 Cod faie o 95 wlas SO
iy e SlE Sl Sl AL S 5 Sl S
ool gy elags (5, SULSEIL G5 Jo b, e w
5 aalal 53 gl e g 3 sdome OLl By s Sl S
Oras 33 Sl i (Gl 5SS S aelie
23S N3 s 3550 330 Ol 5 Gley G55 ediledls
Aal 5t edalie (3lguiy s 3l sdel Cosas il alie L
23 Slnbe aga Jals e ool A, aS Al
S S5 5l s doms Oladl diile 35 50 Sla o) b alie

C'M‘)b)}}fﬁ"

s Ol Y
A K e Ldb b, (V) S5 Gillas
Camas 5 r Camw (sL2sl8aSS BB Lol o Lels
SLael ST o it o ppizmed 5 Vo) 5 W(D) el
ol osls Julad ve(t) 5 Ve(t) Cely S 5 o S
Sld b gles p 5 AU @S el s dalee ol
() adaly 53 ow(x, 1) o @33 OLSGs ot ey 52

RGP WA 43\)‘

LALAES )

355 S e L3 e plnil sla e 51 olad ped
s 5 slaosle Saalys el

Yo A Jlw 5o LU s T Sles S eliledl B,
Al sl Ol e 52 e STl Pilas it > sl
s acals O Oly 0l Ly ol 3 el el VY]
Solme 3 5 abes b il 5 ) Site (e s
el Sl G sl o 5 2 Sl (_;Lar\f Sl
lbwaanS 4 5L 00 Ol o3 e s o 5 onl &
adslee Sy 3yl sleslaul L 5 aals LS
Aal g e (S LRI Sy By, LS s sl
Jdos sl = oleing lud g b 5 eslinal iomen LS
aslas dor gla s el S Lasl 5l I slae sl
Sta glae S e 53 ol 5 (Soosn lail s )15 L
23 s OLea 5 o caalsl s el s O 50 Lael
Sl s Sedipad 5 mly e 4 Yo )4 L
Aozt Sl Gos e diledl hs) 5l eslital L os S e
IVE]

2o Sl =i e ladl Sy sdud s b dlie pl o
SV gl Jlie 3 5 Iz 25 03 g DL Al
Jedos Bl el el a5 (Salis )AL
OLs iy inly S Jlin 5 g Ll o3 a6
Gled e 53 030 (@algidy s lp e el WSS

S Q)Lﬁl& 6LAeL<2>L» 2 )2;...» (_;Lﬂsa)l..» 2 A.SJJ) _}.}'\

Vfoo QLLMJU A O)LQ.V::‘ L\c° JL.»: cdw.)w@c DL dbv\ff le.ﬁu:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

il S o Cou dilas W 9 S sla s é:-‘b."c“‘i oy

45_.JL7_$J J}Pu Q‘.,\:.a = ) ‘-;H;:J —J.:MJ‘JEU“J Jslee

J}";Lf JJ}T)? gr‘n Lflﬁ) rg BL) ‘Wn(x,‘t)

T £Sy a“
J I L (x,s,)ds,dsy +— W, (x,7) =
o ° a Cb
£ -
_9 Waigx’o) _9 Waiix’e) XT )

e Slas o3l s oo Sl Ol (5 bl J ) slaiess
393 JSize 6 3 5 (%) Jpems 16 S5 e
35 0 53 018 (o s 4l sl 5l 2B M s
oo L 5y ol ul o b oS Jodl s doles

b e b Sl s (V) alal,
iy (%,0) = £, () +

Y M
D Coj xQ hy e Pt hy xr)+ )

= i=\

ZY:(_ZM- ><(§:lj’ie°”’“rBir +lj,ﬂ X T)

= i=
Lyl s sloylaibs Cpi s Cpj ol o S50 Jails 3
e g L edes ol Sl o8 e el 5o (g5
el ol glaal ol sl Y] e sl
bl S asd a3 s g0 By 5 oy ol

e XS Lol 1 (1) sl (558 03 ol

\
' =——B W
b
_9(\/)4_19{1)): eudb‘;ﬂﬁ.ﬁ)|o)w_w‘bdv\_u¢lj)3

sl osb p b 4 oSl ol s Alslna (F) ala s 53 Ol gl

\ Y
d fn(x)xr_+;fn(x):
ox" Yoo
_a\cwn(xn") _a\cwn(xa")xr_i_
ax* ox"
Zc ,J[Zh“el (Bit+1)+h;, r}r
Cb J\
ZC d[Zlﬂe (Bit+)+1 ‘c]
b j=)

@)

Vfoo QL'LWJUA OJLQ.V::' :\c° JLw cw.lﬁe.o DL 6.}.’.} Lgl.ﬁu:})

S &y ped K3 4 oS ol gl ¢ (V) el s
oSS Slasle w5 3l DL e 2l
Oz 5 p e Ay o (B oaeniNl e Jols
Tl Oles 5 A ww&uémw.uuw
5 Soe ks s e i o =EIPA D) 5o
Lol o e 8 (Selos mul st G 4yl Lyl o

ek b ae () 5 (V)

w(L,t) = vy (1)

%(L, 0 =ve(0)

w(e, 1) =vy(1)

2 =vr(® ™

ow
w(x,e) =1 (x) E(X”) =L (x) )
S Sy Sl e e () adaly 5 L(x) 5 L(x) &l8

S3he J.> gy -Y

S Jeilis sl 335 o @ (o s pdo 4 x5 L
S e Bl Ol IS OV cas 5 S
Jlos Slaws ol Jo Gl 3o laiss an s 3l
ol Bl s $ud b ol i s Al D02
adslan Jom Gl YT e 5o 0l (e Slos S35
Olej Il jslate (pl @y 3 50 on 0313 anw b Jsi 5 Al
o 2 SR AL b b Sl el Na s J
O Bl el o5l 5 0500 T Sl e B me
(el 5 s Ol anly gl it 5,51
Agdp i ) ok

W (%,7) = Wy (X,°) +Irwn(x,s)ds, (f)

T
wn(x,r)zwn(x,o)+j W, (x,8)ds =
Wn(X,°)+Wn(X,°)T+ (a>
T pSy
I I W, (X,s, )ds,ds,
03 Wo(X,0) 5 wi(x,0) 4! .lm“\r; 055 rjl:u ©arg b
@Sl Joesil s dslee 53 G353 Ll S b gl


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

M
AL xmy +B, ; xm
fa(x) ==Y~ T B e (10)

—B;" xm, +m,

i=\

v my +f:m m
fa(x) = ZCHJ[ZhJ " hjw_v]Jf
=

i= ! _|31 m, +my my
my +fB; xm m
C #e X_l,, =%
z HJLZ\: —B;" xm, +m, > mr] %)
kﬁj‘sdb'{“l .lm‘}) )‘ oalal lJ 9 f (X) wbu )‘

S o> el Slasosling s 5

Ol sl =3 Bl IS 4 Sbey Sos ebledl g,

Sl el (0) 5 ()

B Ol Sy Ol 5 el
w,(x,7)= An’c +By.t+

M A Y

.my +B, .m

n,illy nittly , v T X
E [An,i+Bn,iT_—Bi —‘|e B

Y
i= —Bi m, +my Y

\
i=\ =

Y Y
ch,jAW? (x,7)+ Zan,jAwJW (%,7)
]

V)
M
A, im. +B m
wn(x,r>=Bno+Z[Bni——“" —— ‘Bi‘r}“i’w
> » Y
i= —B; m, +m,
A A
D Co AW (x, 0+ Y Cy iAW (x,7) (A
= =

Sl s e AW;(X,7) 5 AW(X,T) B akail, s
(\q)L‘jj&bﬁﬁbf@&ﬂ}w)&bblﬁ-}mtuf
j(Y\)L‘_})_}L(W J»-.[_}J‘Yl_!) QK»M‘LL‘}A d‘j (Y°)_}

: Yo P _p—
AW (X _C) lell m\”'+Blm\‘ s e BIT \}(XIX_’_

—B;'m, +m, ¥ B
Y Y
| T T (4)
» me Y ¢
Bit
AWJ (%,7) ZIJI my +p;m, +€ \ %X 4
E Y
iz — im\-i-mr Bl
Y
my T
1_] [_m_rt-’-TJ (Yo)

‘EY ‘Er
hj. (—£—+— (Y1)

aJsles 9[-.’5) e.l;) )‘ ¢fn(X) J)_P;A cu J)_giﬂ )}.b.\.uu
W) 035 mb bl Sos atiledl 25, L () Jouil s

J}Jd oalaul (\ °) @b L;.:lhn r‘n °)L’j.’.) BL

.
[Hw ){‘” w07, (x)}dv—
o 8)( Y b
¥ t
£At W(T){ E Wal;EX’ ) 8 W(;EX’O) T}AH
y At - 4 ;X
JJ: W(‘E) jZ\Cn’j ig\hj’iel (Bif"r\)"rhj’uf T+

Y M
%jN W(r){ZCn,j [le’ieaix (BiT+)) +1j,,rJ}1-c (o)
% ™ = i=)

as (O)) adaly s ead il o s sl eslanad b (Vo) alail

Ll 0 ds (g3lwesl (V) abasly o5 £ (X)) J pgzes
Al
(m, m m,~>:J. tW('l:)<'cY/Y T \>dr M

¥ ¥ ¥
CALYC P ISR TGS B MG
dx" ¢’ dx" dx"

+—ZCHJ{ZhJ1e°‘X(mV +Bimy) +h; m,]

Cb_]\ 1=\

M
\ —~ .
* —E% [le,iea‘x(mr +Bimy) + lj,ﬂm\—]

% = i=

Y

(Y
=S 5 osens V) (5,0 slie dalee 51 £ (X) Sl
G 33 5 30 S0s o 5 sl ll a5l 3G i

Bad e b S ko3 ol ol e b
£ (x) = £, () + £ (%) (r)
o3l Gl 53 5 0555 Co s 5 plralr Ol s il
e Al s 53 (YY) adad, C)‘)}..p«f(’t:°)<a\l’l sk
ot e gy 4 g LB (%) 5 £ (X) Ol pss 5 Ul

Lss 3551 (07) 5 00) Lalsy Gillae W] o o 3
M
Wi (X,0) = ZAn,i x e +An,«
i=)
M %)
Wi (X,0) = ZBn,i xe™i* + Bn,«

i=)\

Vfoo QLLMJUA o)ij: L\c° JL.»: cdw.)w@o DL dbv\ff le.ﬁu:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

il S o Cou dilas W 9 S sla s é:-‘b."c“‘i oy

w 0

S 12l 5 S S S alal) 53 53 X X
‘GMLLL(LA&_&?JGLJJLJQA@JJ:@.M
b el Al 4 S e S b sk
Lol mle ass e 5 258000 el 0l 51 (S5l 0
Dl b aalsl s T e esa g 4kl Dlas o8
=l Lol pS s slgml ps glaal 5wl 0ol
Al o cesay L s byl o s
hii = el
H m, +B;m, Ai‘[‘_i_eBiAt —B;At—)

v Y
—Bim+m. ¥ Bi

a;,

he - i
° Y Y
me Y s

I = i

my +fB;my £+ P —B;At—)
—B;'m, +m, ¥ B
lj, = —b3’° Y
my At At (YV)
m. Y 5

Cojs Cnj Sob el alon 5 (550 Lol Loyl - Y=Y
sl sl e sl so 5 sae Gl so lanl s (55 e Ll o
L o 5 00 et e sl s 55 L5d 0 LS
W) =Wy (s G5 i) S oles! bl 2
s BLO=0, 5 WLO=Wyy, 5 0(0)=6,, s
€ glaslsy s K ol il i L Coj 5 Gy
53 S a3l oKs > 5l 5 dals) ilae F o3 W

A Ll gt s (FY) abal
AWEA) AW AD) AW (A AWY (-, AY)
AP A) AP AD)  ADY(AD) AR (-, AY)

K= (YA)

AWILA) AL A) AWY LAY AWY (LAY
ARLAY ARLAY AOY (LAY AGY (LAY
— — AT
C:[Cn,\ Cn,Y Cn,\ Cn,\‘
T (Ya)
W:[Wn,\ en,\ Wn,v en,\‘:|

Vfoo QL'LWJUA OJLQ.V::' :\c° JLw cw.lﬁe.o DL 6.}.’.} Lgl.ﬁu:})

0 M me +Bm, P | o
AW (X»T):Zhj,i 114 ettt +

—B,'m, +m, Bi

Y

m, T

h.° __Y-E_f__
J’{ m, Y] v

i=)

o3l Lo s gl el )b (YY) 5 (Vo) Lals) women
ol ol golgiy ooy Sl 55 S e 4w
Chj Sl el 5550 oo o= iy 5o ige slajualily
slaasl ol 5 CM‘ S5k ) imen EH,J' J

Al el 2 0l 3 o St S e

el bl gl 3 1 o hj; ol s —V-F
lasl el ij Li s hj wal 2 03,531 Cms 4 gl
53 el el Galul s S i Ol g o she
g S (S b el A8 o e VY] e e
Sy 123 350 g )3 (e abad) 50 5 5lrme abaZ Sl
J s S &b slr @olgiy dals ol ansls

s Ol ) S poh S 7 se L] s

—|x-xjl/e cdx-xjl<e

Ie(x,x~):{ (YY)

. ex—x;|

I, (%,%) = J'Sle(x)dx (Yf)

o] (e aal) S o5 S 0 Dlase X S48 Ll o

3 et glaad fo edas LS S S W 5 0 Gla s

Lo S ol day oS s bl 3 8 5 o

S Sosmoin (YH) 5 (V) sy o ol o 0L

SORNPUN T WE S

M

Ie(x,x?) =a;, +Zaj’i x e
o (Y0)

I, (%, x}V) =b;, +ij’i x e

i=\


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

[A,; +B, At
Agime +Byme AT (D0

Ay, +By A+

i=) Y 1 i=
—B; m, +my. Y

An,i +Bn lAt
A, imy +B v At

1
_Bi m, +m, Y

F= - : (¥e)
M An,i+Bn,iAt M An,i +Bn,iAt
L L
An 4By A+ | Apime+Bum A [ o CApime +Bym Al e
1=) i _Birmw"'mr 1 Y | 1=) _Birm\'i‘mr 1 v
A xmy +B s xm, —W-
By =By - n,i : v T By j X1y Bir At + KC=W-F rY)
Py xm, +my 5O adaly e 267 5 AOY (sla sl (YA) ala,
Y BiAt
+B; Aty
> Cajxhyix| = T * R AR
j= By xm, +m, Bi 5
A0? X,T =2 Aw? X,T) =
A m, +p; xmy Pty jen) =5 A (o)
Zanxljix XAt + M
s 5 Y ] M Bt
= —B; xm, +m. Bi Zh|: my +f3;my r_+el _Bir_\:lme“ix )
Ji i
AL i _Birm\ +m, 7 BiY
By =B+ ) C ><h X ——><At+— D
JZ_\: ] m,. \ A8 (x, ‘E)— Aw (x,7)=
At me +Bm, T
ch xl; x{——xAt+—:| My TEMy T
j (Y0) 3
= - Y z —B;'m, +m, "

Sl s 0> S sla el F-Y
Ol po esliid 550 laaly 2luss 055 &b g Jols 4
e Gl 5 Ul 53 S mb Candge 5 S 5 U
olemin s @l s s o S Sl el
ST o 53 4 S pladl (gla o) 0 5 L dizes
5 U Jeld 035 b Sl il slawy S e
Sl gl ol W)=t e <W(t)=)
clasl Gl s o Sk s o e W(t) =5(t—At)
ol aalllas 53 5, ol SH LS e ol e 05 &b
033 @6 5 oozl L g3 sladlis iy 3 el L1l s
smy s my glaml,b (V) dsds 53 .Llodd )50 5 ke
sl ol &1 S O3 &b 4 gal L= o my

Sl el Jals a6 5o ol lagl sl
23 bl Gl ((Y0) adaly 5o M) (G o5 b g 53530
SRl Ll s s LS w o8 ) s Sl

Ol Jlis 53 5 Sl S0 mU (5lsl 458 slaaly

e’ =Byt .
—J}“ie“‘x ()

@l sbal ulpe 2550 dal, Y-
o3l adsl bl 3 (Gl o8 o8 iy 4 Bl J 6l
o sbgml js ce o 5 olaals ol <=\ n+y g
3 W (%,2) =W (A o —oa s pln S
Al 358 e s Wi (X,9) = Wy (X, A)

nhi = Anji + By jAt ~LnTe + BTy B’ ad

_Bivm\ +m, Y

{ my +Bim, At’ . ePilt —BiAt—\}_
nJ i Y D Y
—Bimy+m, ¥ Bi

A

v
- my +Bim, At' ePidt— B;At—)
Z n.ilji -t

Y Y
—Bim,+m, ¥ Bi

At AL
An+\ —A +B At+ZCn] ] {—%T+T‘|+
= v

ia L omeat AC
e T ey s

= (¥F)

Vfoo QLLMJUA o)ij: L\c° JL.»: cdw.)w@o DL dbv\ff le.ﬁu:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

il S o Cou dilas W 9 S sla s é:-‘b."c“‘i oy

weily gl il 5 059 mls ) Jod

el m, m,
W(t) = 8(1 - At) At x At \
W(t) =) AT Al At
W) =1 ALY/ At 5 ALy
)

——-L —————— — '

(K /SN e 53 (K)o S\l 53 53 93 5 sl g 98 So o8 ol 5 Copndigo =Y IS0

@3 sla s j eslinal 5,40 35 slas ;88 ) Dlasein —Y J g

3,555 0l d35 b oK PGA (g)
| 505 Ol OYH) ) 300 S °/YAY
Y 546 olw (W) 50 S o/\V

o sladl, -¥
Shadged die sl J 03 3led Sras 2B A ol o
Wl 0l )l S o s i 5 S sl
Slgin oy Jm Olny 5 s s 5 ol Jbe s sk ol &
b S o s ST 3 Al 35505 00
st ol By L aslie a3l 5 Sisels
Fl e 5 poler 5 pe Jlie 3 e 0t 50 58
S S s 5 S sele S o il ailas s 5
3550 glas,) S5 Slasein .ol ol dculoee 415 Ols Ol s

e S p'Y om0l a5 (V) Jsd s esla

Vfoo QL'LWJUA OJLQ.V::' :\c° JLw cw.lﬁe.o DL 6.}.’.} Lgl.ﬁu:})

LS w0l s il gl bl e Rl Sl
A s se Gla A 2 5 O e RS slaa,
S5 ekl 4y ol b b 53 gnS L g SOY
)BS)J@L»L%}))MC)_AJL:J}(J:M)J
)l_lS)J g.»_wL.a WULJ\{L@.& bl J)JL;O oalazl Lﬁ))ﬁ
22 Op XA o3l 4 o B B LS 1S sl S 5
J_?&_iJJ'JLiJSJJJU,.pLé);C;»LUL}Agg}t;;..,\ﬁl»}i}ulz
03 i e MLl (gode i pd Ol e 4
S DS 53 e BLE (651 5 s Cunb e (V) IS
RGO P AP I ﬁkmdi.mﬁ


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

Y=mm

1] 1 2 3 4 5
Time—sec

()

0 1 2 3 4
Time—sec

7]

(ﬂjﬂ‘ﬁm.;):ﬂ))\ a;bﬁ:;ﬁ;&@\e&‘mﬁ(y‘g\ ejw:)‘,sjg'a\;'.::&‘jxﬁ(uﬂ‘—fp

0 1 2 3 4 5
Time-sec

(S5 7 w53 (K)) sl 3,55, lrasler O eeis (0 5 Y osladd 3,585 Skl O s (A -F IS

ol osls toled alies cpl o 3 eslinal 3550 Je (0) IS s
uyu)d))ekwbﬁjjdufﬂbtMd‘&)i ol
)WMWJ;‘@MUW‘MZY\ )At:°/°°\ e
el L slety o 3l el G il o S
J_>_5 At=o/000 gL&;ﬁ‘@J}J@u Ol uﬁ:_})_p)'\ J.ob
53 anl SO s (Sl 6K ss gl (V cesw) s
H(t) _u Jsswﬂ RCI P (V)J&.:;(?)Ji.‘;

Glas 5 5 5 A5 el Ko s Jlta Y ¥
dmate o 93 a8las S 5 3 (Seelis by s alies 5o
Slasie 2pd o o p A5 Sl Gz 5SS 28
S8 53 dbe (pl 03 (s 3s e 5 g kin 5 (SO
Sl 08 el B T FEEIINEE O SRGINIV [y -y ¥ ) )
sl Il LaolS e oy sline it S o 5 ol

0.10 ()

0 1 2 3 4 5
Time-sec

iv, 0] Ivz ®

(o9 w53 (K5 Jgl Je Jom 55 e ool Jhe—0 IS5

L A Gooks Ol i olexr 5 pso sbadle J>
Claolss s e pd e S e S aasly 51 eslazul
slbralr 5 old Ol as Glas, S5 5 ekd fiias aBeSS

e ol 0303 Jialed (F) 5 (7) sla I 55 o L bl

45\.&:&,;); &é\,@b ‘\.3.\.; &iﬁ-d"‘ Jl:.o— \ —f

Vfoo QLLMJUA o)ij: L\c° JL.»: cdw.)w@o DL dbv\ff le.ﬁu:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

il S o Cou dilas W 9 S sla s g;i:-‘b."c“‘i oy

— ExactSolution === TWRM

=== FEM - 15Elements -=- FEM - 55Elements

Time

Cou S Sl dal WU plralr -F JSS
(S g 7S asund 53 K V(D) =2 5 vi(t) =1—cos\ /it s o

— ExactSolution === TWRM --- FEM- 100Elements

2.5

2.0

L5

1.0

w(0.5L,0)

0.5

0.0

-05

0 1

2 3 4

Time

Cou S Sl dal (WU plralr -V ISS
(S g 7S asuad 55 K55) ve(t) =H(t) 5 vy(t) =1—cos\/ it sl pu

| L=600 cm |

A=5.38:103m’ [=8.36<10"m*

AEZ%ZO” Pa  p=7850kg [m> %

Ivl ®
i

I"z ®

N L

(ﬂ}jﬁ|4§a~$}> ‘;U) rja JUAJ,).: o ealiiwl Jae —A J&i

L o sl ool a5l s olgniy Sy by
SIS s sde el Gy Blie 53 3l 335 e e
sl il 8l o b sl sl ol s il dels <3s
J= Ol Sl Lol sl cpl ol 00 4 ¥ 51 oladl
sy Sl Olag a5 JUs s anils JUos a4 |y s
o Olall gy b Ol L sllat o 5 (gllas (solgniy

NG N

\Y°° dl.'.'...»ch\ a)LQ.j: :\c° JLw cdw.lﬁ@.o DL 6.}.’.} LSLQJ:})

dw by 3 gdoee OLl gy ol (Vo) 5 (1) la IS 5o
S Jeol gl S s L0 5 Y0 X (sileennS LS5
Sslize 6801 53 slp S G e s ooledn s
dodz o3 cmal sl onls (bl vl 5 o b S s
DLS s eolginy Shop bt o aalee Ol 53 (1)

RGN PR R IEEREPIMEE S S Py

Ajbj_ddﬁumulﬁdtsw\jbev\*ﬁdjb\@t&w)fb


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

= Exact Solution ==== TWRM -=-- FEM - 3Elements
=+ FEM-=-25Elements +=-+ FEM - 55Elemems

4

2
g

g o
&
b

A2
(=]
1

-4

-6

0.0 05 10 15 20

Time= sec
V5585 0 s V(1) S o o 5 Gl 4l (3B el -4 IS

(K9, e 53 K vi(t) =+

— ExactSolution ==== TWRM ---- FEM - 3Elements

--- FEM - 25Elements -=-+ FEM - 55Elements

w(0.5L,t)-mm

1
N

0.0 0.5 1.0 1.5 2.0
Time= sec

V3,55, 06 ki 1V (1) G o Cod 5 Gl 4k wb bl Ve Jse
(S, asend 55 K ¥ 5,65, 0Ke i V(1) 5

3 9 des QLJ‘ &3)36:% f})bcj}ww QLA)'—"’J}J?

1) At(sec) CPU Time (sec) o g
Sles s sbiledl o/o0oo) $Y00 o/ YAY
OLJIY =5 5ue O o/0000) YOe o /OFV
Sl Y0 =3 ytes OLJI ofoeos) ¥foo °/o0)
SLJI 00 =3 5dms OLJI ofonao) Vieo oY

&udﬁww‘y)ébbw_vd‘b)HJJ_ﬁ(\\)Jg_ﬁ
osls Jilad el an § L ps S 5 wdia Slasilis

Slas g3 5 50 SSgesle 4l S o0 —p g Jlo Y ¥

MQ@J})H‘)JMC)J)merM)J

LB W) 5 (1Y) Gla JSs s a8 a5 ,S0lan omul o
WU bl Ol Jls gl o s Tsdows el otalioe
<.>La“) OL—Q-H sl l_' S gdo=s ‘)}‘ )‘ JJ(} alas .la.wj bLle

Bl eolgdey S mbB L g re Gl

AR

eJdQWJJJQLA)J}_kJJQJLM@@@LQLA&fJ
uLm.:‘ L_>> u.;l.a) ijj OJJLA:;L) U‘LJJ 93 MA.Li.Mu.il el
ul_xb\l_-.:_;.kw (_)LQ.N &})}(MZY\ }At=°/°°°°0

B RGIUIVY IS WY J_> C)}U.‘la L;LQQLQ.N Sldss B At =o/000d

Vfoo QLLMJUA o)ij: c\c° JL.»: ‘J’“J"‘@" DL d.}v\.& LSLQJ:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

il S o Cou dilas W 9 S sla s di,«l;;_;'cwl.; IR

| L=I , L=1 ‘

Ivl(f) Iv,(r) Ivg 0
s L s

(K5, e 3 K )) p o dlia Jom 53 ok eslitul Jube -1 Y

= TWRM === FEM- 6Elements
=+ FEM=- 22Elements -=-* FEM- 100Elements

0.8 \
_06
|
0y
S04
H
EY

0.2

0.0 — \_

0.0 05 1.0 15 20 25 30

Time

O U T - P P A R
(K9, a3 K)) Ve (D) =2 5 V(D) =2 5 Vy(t) =1—cos\/ it s oo

== TWRM ===« FEM - 6Elements

+=++ FEM=22Elements -=++ FEM - 100Elements.

s g
S =

' 1
S o
= =
S 3

Was (0.5L,1)

=0.15

=0.20

-0.25

0.0 0.5 1.0 1.5 2.0 25 3.0
Time

Lo ol s > Gl 4 6 gyl VY
(K9, aed 33 K)) Ve(D) =2 5 V() =2 5 Vy(t) =1—cos\/ it s oo

Vfoo ul:m;l: Al a)Lw.: ¥o JLw 4@.)4.@,0 BERELEYS LELAU:})

\Y


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

| L=600cm

L=600cm |

A=5.38407m I=8.36x10"°m’

A=5.3840°m 1=8.36:10"°m’

AE:ZJO”PQ p =T850kg /m’ zE=2x10”Pa p =T850kg /m’ 23

B

*«Wﬁhﬂ]‘ﬂwﬂw

IV] ®

««M‘JWMN WMNWJMW

(_;.;J;sslw,;;s,)f,q{ Jle J 55 0l saliiul Jue —VF IS

= TWRM -=-* FEM- 240Elements

Wag (0.5L,t)-mm
R R S S

'
[

0.0 0.5 Lo

2.0 25 3.0

Time- sec

(K37 e 33 (K5) V() =2 5 V() ==

== TWRM ---- FEM- 240Elements

-
N R

-
=

Wae (0.5L,t)-mm
)

0.0 0.5 1.0

2.0 25 3.0

Time- sec

A JJ‘,S) b&ﬁmﬁ IV\(t) 6‘.&&&3')?!3 o Cmﬂ‘) G a3las ‘_;;‘.:.A alads ‘.Sls &l?kjl?—\? JS.:J
(S35 e 53 () ¥ 3,555 O ks Vie(t) 5 V(1)

dl-a.“\‘\‘” L.J_}.XN QL‘J‘ u}:}))‘ 65% U:}) @L’b‘-fw

ol 0l oaliiw] At =0o/00000 B

S S 4o =0
PESTREE N IR S 0 PRRUN Y prptel -2 s
S A 53 8 Sy e i o g s

sl r@ A OMbl (gilae ;3 sl 0l 031y anw 55 L

\Y¥

Glos 55 1 3 A5 31 20wl Ko —ple ¥ -F
S ez 3 5 3 et ge Ll s oler Jlis s
23S B g 2osm 5 St i Sl ala Sy
Cd e o3l (BY3) ol e lasiia 51 Jlie oy
S AL 58 53 Jasl 5 Jol s (OF) JS2)
Sl b5 (08) 5 00) Gla S8 55 o3le o8asS a5 35

w))_bu \;_w‘ P Y 45‘)‘ M:YO 39 At:°/°°°°\

\‘f‘°° ul:...\.;l.? ¢\ O)LQ.V::‘ L\c° JL.»: ‘J’“J"‘@“ DL 6;-/\.9 LSLQJ:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

il S o Cou dilas W 9 S sla s é:-‘b."c“‘i oy

somge sla gy baslie o (golgiln sy S Olwl=as

Slac Ll 6w o LS jaseie gl Ol g,y wile
J= s S Olsea s B s e c3leiy B
Ao 9 (5.)\_%.’_9.5 éué)l_vl ‘-;!l_ﬁ) Qoq)b J:JLT LS\J" WLA
sl o Blew Lls (6510850 V- sl Lo (gdn

1. Finite Element Method

1. Balakrishnan, A. V., A Mathematical Formulation of
a Large Space Structure Control Problem, California
University Los Angeles Department of Electrical
Engineering, 1985.

2. Kane, T., Ryan, R., and Banerjee, A. ,“Dynamics of
a Cantilever Beam Attached to a Moving Base”,
Journal of Guidance, Control, and Dynamics, Vol.
10, No. 2, pp. 139-151, 1987.

3. Du, H., Hitchings, D., and Davies, G., “A Finite
Element Structural Dynamics Model of a Beam with
an Arbitrary Moving Base—Part I: Formulations”,
Finite Elements in Analysis and Design, Vol. 12, No.
2, pp. 117-131, 1992.

4. Du, H., Hitchings, D., and Davies, G., “A Finite
Element Structural Dynamics Model of a Beam with
an Arbitrary Moving Base—Part II: Numerical
Examples and Solutions”, Finite Elements in
Analysis and Design, Vol. 12, No. 2, pp. 133-150,
1992.

5. Tan, T., Lee, H., and Leng, G., “Dynamic Stability of
a Radially Rotating Beam Subjected to Base
Excitation”,  Computer — Methods in  Applied
Mechanics and Engineering, Vol. 146, No. 3-4, pp.
265-279, 1997.

6. S. Yuksel and T. Aksoy, “Flexural Vibrations of a
Rotating Beam Subjected to Different Base
Excitations”, Gazi University Journal of Science,
Vol. 22, No. 1, pp. 33-40, 2009.

7. M. Li, “Analytical Study on the Dynamic Response
of a Beam with Axial Force Subjected to Generalized
Support Excitations”, Journal of Sound and
Vibration, Vol. 338, pp. 199-216, 2015.

8. Beskos D., and Boley, B., “Use of Dynamic
Influence Coefficients in Forced Vibration Problems

Vfoo QL'LWJUA O)LQ.V::' z\c° JLw cw.lﬁe.o DL é}.’.& LSLQJ:})

2. Time weighted Residual Method

St o 5L e olad glaal ol s s 2
Ll sleslinul L 0l oo o (S5 i (rizman 5 S0
Sl Fa) Jeol (S dd (e (2S5l
Sled (s e ledl s elul i s
o2l e Sl s 0L 3 bt o OLS
Serlis gl 3550 5l e ped dlte iz Jo 53 35l o

aoza o YLl L S Co ailas W 5 SO gla s

MUojb

3. Duhamel's Integration

ey
with the aid of Laplace Transform”, Computers &
Structures, Vol. 5, No. 5-6, pp. 263-269, 1975.

9. Manolis G., and Beskos, D., “Thermally Induced

Vibrations of Beam Structures”, Computer Methods
in Applied Mechanics and Engineering, Vol. 21, No.
3, pp- 337-355, 1980.

10. Manolis G., and Beskos, D., “Dynamic Response of
Beam Structures with the Aid of Numerical Laplace
Transform”, Midwestern Mechanics Conference, pp.
85-89, 1979

11.Beskos D., and Narayanan, G., “Dynamic Response
of Frameworks by Numerical Laplace Transform”,
Computer Methods in Applied Mechanics and
Engineering, Vol. 37, No. 3, pp. 289-307, 1983.

12. Narayanan G., and Beskos, D., “Use of Dynamic
Influence Coefficients in Forced Vibration Problems
with the aid of Fast Fourier Transform”, Computers
& Structures, Vol. 9, No. 2, pp. 145-150, 1978.

13. Movahedian, B., Boroomand B., and Mansouri, S.,
“A Robust Time-Space Formulation for Large[/Scale
Scalar Wave Problems Using Exponential Basis
Functions”, International Journal for Numerical
Methods in Engineering, Vol. 114, No. 7, pp. 719-
748, 2018.

14.Borji, A., Movahedian B., and Boroomand, B.,
“Using the Time-Weighted Residual Method in
Forced Vibration Analysis of Timoshenko Beam
under Moving Load”, Amirkabir Journal of Civil
Engineering, doi: 10.22060/ceej.2019.16867.6381,
(in Persian)

15.Pao Y.-H. , and Sun, G., “Dynamic Bending Strains
in Planar Trusses with Pinned or Rigid Joints”,
Journal of Engineering Mechanics, Vol. 129, No. 3,
pp. 324-332, 2003.

\Y


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html

[ Downloaded from iutjournals.iut.ac.ir on 2024-07-22 ]

[ DOR: 20.1001.1.22287698.1400.40.1.4.9 ]

[ DOI: 10.47176/jcme.40.1.3741 ]

s Ol g0 s 5 (5555 ol e

S ASJSE S b b 25 ple o 5 el 03]
J)J‘-;A ool J.au_g.)

t
w(x,t):J. vu)xw,(x,t—u)du (%)
4 r)y C,-w‘ egd.:g.s 4.1[% g.g.ifu C’L V(u) LB)—Q d.b\) DL
(¥#) adal, 5l ead > ladlie 335 | 55 coul S5

sl ol ol

\0

Slas S5 s -
L;bub@djwﬂj;ﬁ&g;&[\a]gfjg
Y8 e e.>)_51C'_A_w.>44.ﬂ)' Syl uog%ﬁ)‘é,\}\j

1]

o0
X n ¥ . nux
w,(X,t) =—+ —\)" —sin——cosm,t  (Y0O)
=+ Z( ) —sin==coso,

Sz Sl Sl 8 b el O 558 alaily 5o

Vfoo QLLMJUA o)ij: c\c° JL.»: ‘J’“J"‘@" DL d.}v\.& LSLQJ:})


http://dx.doi.org/10.47176/jcme.40.1.3741
https://dorl.net/dor/20.1001.1.22287698.1400.40.1.4.9
https://iutjournals.iut.ac.ir/jcme/article-1-822-en.html
http://www.tcpdf.org

